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06 ynp0lll.EHHOM OnHCAHMH HfP
ACHMnTOTH4ECKH-OnTHMAJIbHbIX ABTOMATOB *)

I. "rphl C ,ll,BYMSI Y'IaCTHHKaMH • .IXJI5l OIIpe)l,eJIeHll5l 1I0Be)l,eHll5l
IIpocTerruIHx aBTOMaTOB B llrpax OlJ.eHb IIOJIe3HbIM OKa3aJIOCb OTKa3aTb
C5l OT )l,eTaJIbHOrO pac'!eTa MapKoBcKorr IJ:eIIll, OIIHcbIBaIOIIIeH llrpy
aBTOMaTOB, II lIeperrTll K llCCJIe)l,OBaHllIO cYMMapHblx xapaKTepllcTllK,
HalIp-llMep, Cpe)l,HerO BpeMeHll, B Te'!eHlle KOToporo aBTOMaT cOBeprnaeT
HeKoTopoe )l,errCTBlle. TIepBble 1I0lIbITKll B pa3pa60TKe ,noro HalIpaBJIe
Hll5l IIpllHa)l,JIelKaT B. A. TIoHoMapeBY, KOTopblrr llCIIOJIb30BaJI IIOH5lTlle
cpe)l,HerO BpeMeHll )l,JI51pac'!eTa cllMMeTplllJ.eCKOrr HrpbI )l,BYX aBTOMaTOB
C JIHHerrHOH TaKTllKorr.

3TOT IIO)l,XO)l,OKa3aJIC51 OlJ.eHb Y)l,06HbIM )l,JI5l llrp aBTOMaTOB C HYJIe
Borr CYMMOH. B pa60Tax B. H. KpllHcKoro [103, 104] YKa3aH clIoco6
olIpe)l,eJIeHll51 IIpe)l,eJIbHOrO BbIllrpblrna B TaKllX llrpax, Kor)l,a YlJ.aCTHll
KaMll 5lBJ15lIOTC51 aCllMIITOTHlJ.eCKH-OIITlIMaJIbHble KOHCTPYKIJ:llll aBTOMaTOB
TlllIa L, D, K II 1I0XOlKlle Ha HllX (CM. CTp. 27 H )l,aJlee HaCT05lIIIero
H3)l,aHH51). I

ACHMIITOTH'IeCKa51 OIITHMaJIbHOCTb 3TllX KOHCTPYKIJ:llrr OCHOBaHa l
Ha TOM, '!TO Cpe)l,Hee BpeM5l T An (ai), B Te'!eHHe KOTOpOrO aBTOMaT -
An COBeprnaeT )l,eHCTBlle i, OKa3bIBaeTC5l TeM 60JIbIIIe, lJ.eM 60JIbrnllrr
BbIllrpbIIII ai OH IIpll 3TOM IIOJIYlJ.aeT (lIpH 60JIbIIIHX n).

TotiHee, Heo6xo)l,llMO Y'!llTbIBarb HalJ.aJIbHOe COCT05lHlle lp (n),
B KOTOpOM B llCXO)l,Hblrr MOMeHT HaXO)l,llJIC5l aBTOMaT An' II rOBopllTb

o Cpe)l,HeM BpeMeHll Tx~n) (a). O)l,HaKO )l,JI513TllX aBTOMaTOB BeJIlllJ.llHa
BbIllrpblIIIa a OKa3bIBaeTC5l CYIIIeCTBeHHee, '!eM Ha'!aJIbHOe COCT05lHlle
lp (n). ECJIll Aj, A2' ... , An' ... - aCHMIITOTlltJ:eCKll-OIITllMaJIbHa51

*) HaIIllcaHO B. 11. KpllIlCKllM, 11. 11. TImeIJ.KllM-lllaIIllpo II
A. Jr. TOOMOM. (IlpuM. cocm.)
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nOCJIe,l\OBaTeJlbHOCTb TaKliX aBTOl'vIaTOB II a1 > a2; TO

1. TCXr;:) (ai)1m------00
n-+oo T!r;:) (a2)

npll Jl106bIX HalJaJlbHbIX COCT051Hll51X<p(n) II '\jJ (n) aBTOMaTOB An- 3'1'0
OCHOBHoe CBoilcTBO II n03BOJI51eT onpe,l\eJIIITb BbIllrpbIllI B llrpe C HYJle
BOi'I CYMMOi'I.

CHa4aJIa paCCMOTpliM npliMep. TIyCTb llrpaIOT O,l\llHaKOBble aBTO
MaTbl, II MaTpHuanrpbI C HYJIeBoi'I CYMMOi'I TaKOBa:

( 0,3~0,4 -0,1) .0,2

B napTHli (1,1) BbIllrpbIllI 1-ro aBTOMaTa (0,3) 60JIbllIe, lJeM 2-ro
(-0, 3). TIpli TaKliX BbIllrpbIllIax B cTaUlioHapHoi'I cJlYlJaJ':lHoi'I cpe,l\e
Cpe,l\Hee BpeM51 ,l\0 CMeHbI ,l\ei'IcTBH512-M aBTOMaTOM 3HalJIITeJIbHO MeHbllIe,
lJeM cpe,l\Hee BpeM51 ,l\0 CMeHbI ,l\ei'IcTBll51 I-M aBTOMaToM. TI03TOMY eCTe
CTBeHHO OLKll,l\aTb,lJTO H B Hrpe npH TaKHX BbIllrpblIIIaX 2-i'I aBTOMaT
~MeHIIT .L\ei'IcTBlie paHbllIe, lJeM l-i'I, H aBTOMaTbI OT napTliH (1,1) 'nepei'I
,l\YT K napTHli (1,2). B napTlili (1,2) BbIllrpbIllI 1-ro aBTOM1lTa yLKe
MeHbllIe, lJeM 2-ro, Tenepb paHbllIe CMelIliT ,l\eilcTBlie l-i'I 'aBTOMaT,
H aBTOl'vIaTbI nepei'I,l\YT K napTHli (2,2). )laJlee CMeHa ,l\eilcTBHi'I 6Y,l\eT
npollcxoJJ:!lTb cJletJ,YIOllI.IIM 06pa30M:

0,3 ---+ -0,1i ~
-0,4 -('-- 0,2.

CpetJ,Hee BpeM51 1:u, B TelJeHlle KOToporo aBTOMaTbI pa3bIrpbIBaIOT nap
THIO (i, j), onpetJ,eJI51eTC51 TeM 113 aBTOMaTOB, KOTOpbli'I B 3T0i'I napTlili
nOJlYlJaeT MeHbllIlli'I BbIllrpbIllI. TI03TOMY 1:1, 1 ~ T A (-0, 3), 1:1, 2 ~
~ T A (-0,1), 1:2, 1 ~ T A (-0,4), 1:2, 2 ~ T A (-C,2). TortJ,a 113 (1)
CJletJ,yeT, lJTO napTll51 (1, 2) pa3blrpbIBaeTc:.g 3HalJIITeJlbHO tJ,OJlbllIe,
,lJeM OCTaJIbHble, II OHa BHOCIIT Ha1l60JIbllIHll BKJlatJ, B BbIllrpbIllI. ECTe
CTBeHHO oLKlltJ,aTb, lJTO BbIllrpbIllI l-ro aBT01wTa B TaKoi'I llrpe 6Jlll30K
K ~O, 1 (3TO 3JleMeHT 113 MaTplinbI llrpbI, 6JIliLKallllIlill K HYJIIO).

OnllCaHHa51 BbIllIe KalJeCTBeHHa51 KapTliHa nOlie,l\eHll51 aBTOMaTOB
OKa3bIBaeTC51 He OlJeHb ,l\aJIeKOll OT llCTlIHHOll. B [104] onlicaH KJIaCC
S aBTOMaTOB, tJ,JI51KOTOpbIX MOLKHO onpetJ,eJlIITb BbIllrpbIllI B llrpax
C HYJIeBoi'I CYMMOiL 3Tll aBTOl'vIaTbI Y,l\OBJleTBOp51IOT YCJIOBliIO (1) II ellI.e
,l\BYM ,l\OnOJIHIITeJlbHbIM Tpe60BaHll51M. TIpetJ,eJlbHOe IlOBe,l\eHlie 3TIIX
aBTOl'vIaTOB B llrpe MOLKeT 6bITb onpetJ,eJIeHO no aBToMaTHoi'I ueHe d.
ABTOMaTHa51 ueHa .L\JI51 napbI aCIIMnTOTIIlJeCKII-OnTliMaJIbHbIX IlOCJle,l\O
BaTeJlbHOcTei'I aBTOl'vIaTOB A1, ••• , An' ... II Bll . "., Bn, ... H3
3Toro KJIaCCa onpetJ,eJl5leTC51 CJletJ,YIOllI.llM 06pa30M. CpetJ,Hee BpeM51

T En (a) tJ,JI51 aBTOMaTa B npll tJ,ocTaTOlJHO 60JIbllIOM n eCTb MOHOTOHHO

B03paCTaIOllI.a51 <PYHKl\ll51 OT a, a T Bn(-a) ~ MOHOTOHHO y6bIBaIOllI.a51
'¢YHKUll51 OT a. TIYCTb IIPli a = d (n) llMeeT MeCTQ paBeliCTBO

TAn (d (n»)=T En (-d (n)). (2)
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ilpeAeJI d (n), llpli n -+ 00 (eCJIIi OH CyrueCTByeT) Ha3bIBaeTClI aBTO
MaTHOll Il.eHOll d. ABTOMaTHall Il.eHa d TeM 60JIbllle, '!eM MeHee «IIHep
Il.IIOHHa» KOHCTPYKIl.lIlI A, T. e. MeHbllle BpeMeHII T A (a), II 60JIee
IIHepIl.IIOHeH ee llpOTIIBHIIK B. nJIlI OAIiHaKOBbIX aBTOMaTOB d = 0.

CllpaBeAJIIiBa CJIeAYlOruall TeOpeMa. ilYCTb 3aAaHbI ABe llOCJIeAO
BaTeJIbHOCTIi aBToMijTOB Ai,"" An"'" II Bi"'" Bn •...
1I3 KJIaCCa S. aCIiMllTOTII'!eCKII-OllTIIMaJIbHbIe BO Bcex CTaIl.IIOHapHbIX
CJIy'!allHhlx cpeAax. II IIrpa r C HYJIeBOll CYMMOll AByX aBTOMaTOB
An II Bn' TorAa llpeAeJIbHbIll BbIlIrpbIli' W aBTOMaTa A 3aKJIIO'!eH
BcerAa Me)!(AYBepxHell V II HII)!(Hell V Il.eHaMIi IIrpbI r. TO'!Hee rOBopll:

1) eCJIII IIrpa r TaKOBa. '!TO aBTOMaTHall Il.eHa d> V. TO W = V;
2) eCJIIi V < d < V, TO llpeAeJIbHbIll BbIlIrpbIllI W 6JIII30K K d.

13JIII30CTb llOHIiMaeTClI B CJIeAYlOrueM CMbICJIe:

ai1h -< W -< ai2j2,
rAe

il; j = max {aij}, ai j = mill {aij}
1 1 aij<d 2 2 aij>d

"II 3JIeMeHTbI a ilh II ai2j2 YAOBJIeTBOplllOT erue OAHOMY AOllOJIHIITeJIb
HOMY orpaHII'!eHIIIO;

3) eCJIIi d -< v. TO W = v.
OAHaKo K aBTOMaTaM L 3Ta TeopeMa HellocpeAcTBeHHo HellplIMe

HIIMa, TaK KaK OHII aCIiMllTOTII'!eCKII-OllTIiMaJIbHbI He Ha Bcex CTaIl.IIO
HapHbIX CJIY'lallHbIX cpeAax. ECJIII 06pa30BaTb CTaIl.1I0HapHYIO CJIY
'lallHYIO cpeAY, BbI6IIp all BbIlIrpbIllIli 3a AellCTBlilI 1I3 IIHTepBaJIa [-1, 1],
TO aBTOMaTbI L MorYT II He OKa3aTbClI aCIiMllTOTII'leCKII-OllTIiMaJIbHbIMIi.
4T06bI OHII 6bIJIli aCIiMllTOTll'leCKII-OrrTIiMaJIbHbIMII, 3TOT IIHTepBaJI
He06xOAliMO CYSIITb AO [0,1]. OAHaKo rrpli IIrpe C HYJIeBOll CYMMOll
HeB03MO)!(HO. 'lT06bI BbIlIrpbIllIli 060lIx Y'laCTHIiKoB B Ka)!(AOll rrapTlI1I
JIe)!(aJIIi BHYTPII IIHTepBaJIa [0,1] (ecJIIi TOJIbKO MaTpllIl.a IIrpbI He CO
CTOIiT 1I3 OAHIIX HYJIell). nJI51 TaKIiX aBTOMaTOB IIMeeT CMbICJI orrpeAeJIIITb
aHTarOHIiCTII'!eCKYIO IIrpy,. aHaJIOrll'!HYIO IIrpe C HYJIeBOll CYMMOll,
TaK. '!T06bI BbIlIrpbIllIli He BbIXOAIIJIIi 1I3 [0,1]. I1rpa ABYX aBTOMaTOB
"Ha3bIBaeTclI aHTarOHIiCTII'leCKOll IIrpOll C CYMMOll x, eCJIIi MaTeMaTII

'leCKlie O)!(IIAaHlilI BbIlIrpbIllIelll-ro aW II 2-ro aiJ>aBToMaToB B Ka)!(AOll
IlapT1I1I (ij) CBlIsaHbI paBeHcTBoM

a~})+ag) =x.

ilpli X = 1 BbIlIrpbIllI He BbIXOAIiT 1I3 [0.1]. nJIlI aHTarOHIiCTII'!eCKIiX
IIrp C CYMMOllX BbIlIrpbIllI TaK)!(e orrpeAeJIlIeTClIrrpliBeAeHHoll TeopeMoi!,
eCJIIi BMeCTO aBToMaTHoll Il.eHbI d BBeCTlI BeJIII'!IIHY dx = !im d(n)

- n~oo _'X'

rAe' d~n) OrrpeAeJIlIeTClI H3ypaBHeHII5I

T (d(n»)=T (x_d(n»)An x En x

(cp. c(2» •. TaKIIM06paSOM y~aeTclI BKJIIO'lIITb B 06ruylO CXeMY II TaKlie
llOCJIeAOBaTeJIbHOCTH aBTOMaTOB, KOTopble lIBJIlIlOTClI aCIiMllTOTII'!eClm'

\mTlIMaJlbllblMlI lie 130 llcex CTaUUQllapllblX CJIy'!aHHbIX cpeAax.
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TI P II Me p. TIyCTb aBTOMaT DMn, M lIrpaeT C aBTOMaTOM LmNn, N
(aBTOMaTbI DIlL lIMeIOT M II N ,/\eiicTBliH COOTBeTCTBeHHO, a tJlICJIO
COCT05IHlIH Ha O,/\HOM JIytJe, cooTBeTcTBYIOru;lIx O,/\HOMY ,/\eHcTBlIIO,
y L B m pa3 60JIbllIe, tJeM y D) B aHTaroHlicTlItJecKYIO lIrpy C CYMMOH
x = I. I13 Bblpa)!(eH1I5I ,/\JI5I cpe,/\Hero BpeMeHlI ,/\0 CMeHbI ,/\eHcTB1I5I

MO)!(HO HaHTli aBTOMaTHYIO l\eHY dx npll x = 1. LI:JI5I aBTOMaTa LmNn, N
2 ')..,n_1 I+a

TL (a)=-I--'-l-' r,/\e')..,=-1--'mNn, N -a /1,- -a

LI:JI5I aBTOMaTa D Mn, M

TDMn, M (a) = ( 1 2 a) n
dx 3aBllCllT OT COOTHOllIeHll5I06beMoB naM5ITll m.

O,/\lIHaKoBoMY BbIllrpbIllIY 0601lx YtJacTHliKoB B lIrpe C CYMMOH
1 cooTBeTCTByeT 3HatJeHlIe dx = 1/2. 3,/\ecb 3TO lIMeeT MeCTO npll
OTHOllIeHlIli 06beMOB naM5ITli m = 19 4/Ig 3.

TIpllBe,/\eM II ,/\JI5I ,/\Pyrllx nap nOCJIe,/\oBaTeJIbHOCTeH aBTOMaTOB
OTHOllIeH1I5I m 06beMoB naM5ITlI, npll KOTOpOM B lIrpax C CYMMOHx = 1
3TlI aBTOMaTbI lIrpaIOT O,/\lIHaKOBO:

,/\JI5I KMn,M II LmNn,N m=Ig7jIg3,
,/\JI5I KMn,M II DmNn,N m=Ig7/Ig4.

Ha 3TlIX npllMepax MO)!(HO YBlI,/\eTb, KaK YBeJIlltJeHlIe lIHepl\1I0H
HOCTII (BpeMeHlI ,/\0 CMeHbI ,/\eHcTB1I5I T (a)) nOCJIe,/\OBaTeJIbHOCTli aBTO
MaTOB npllBo,/\lIT K YMeHbllIeHlIIO ee BbIllrpbIllia. BlI,/\HO, tJTO <<lIrpOBble
cnoc06HOCTIV) paccMaTpliBaeMblx 3,/\eCb KOHCTPYKl\lIH L, D, K aBTO
MaTOB pa3JIlitJaIOTC5I He3HatJlITeJIbHO: ,/\JI5I Toro 'iT06bI OHli llrpaJIli
B TOtJHOCTli O,/\lIHaKOBO, He06xo,/\lIMOe COOTHOllIeHlIe 06beMoB naM5ITli
(onpe,/\eJI5IIOru;ee lIHepl\1I0HHOCTb) BO ,Bcex CJIYtJa5IX He ,/\omKHO npe
BOCXO,/\lITb ,/\BYX.

2. 3aMetJaHHe 06 lIrpax C JII06blM tJlfCJIOM ytJacTHliKoB. AHaJIlI
TlItJeCKoe lICCJIe,/\OBaHlie lIrp aBTOMaTOB 113 aClIMnTOTlItJeCKlI-OnTliMaJIb
HbIX nOCJIe,/\OBaTeJIbHOCTeH lIJIlI, COKparu;eHHorOBOp5I,. lIrp aClIMnTO
TlItJeCKlI-OnTllMaJIbHblX aBTOMaTOB, OtJ€Hb TPY,/\HO II nOtJTlI Hli B O,/\HOM
CJIYtJae He npOBe,/\eHO nOJIHOCTbIO. B 3HatJlITeJIbHOH CTeneHlI TPY,/\HOCTII
CB5I3aHbI C TeM, tJTO 3TlI llrpbI onllCbIBaIOTC5I MapKOBCKliMli l\en5IM II,
B KOTOpbIX tJlICJIO COCT05IHlIH 6bICTpO paCTeT npll YBeJIlltJeHlIli llH,/\ll
BlI,/\yaJIbHOH naM5ITli aBTOMaTOB. B CB5I311 C 3TlIM M. JI. U.eTJIliH llHTe
pecoBaJ1C5I 3a,/\atJeH ynporu;eHHoro onllCaHll5I TaKliX MapKOBCKliX l\eneH,
B. tJaCTHOCTlI, OTbICKaHlieM MapKOBCKOH l\enll, tJlICJIO COCT05IHlIH B KOTO
pOH He CTpeMlITC5I K 00, II KOTOpa5I ,/\aBaJIa 6bI npe,/\cTaBJIeHlIe 06
lICTlIHHOM xo,/\e lIrpbI.

B03MO)!(HO, tJTO 3TlIMli CBoHcTBaMli 06JIa,/\aeT MapKOBCKa5I l\enb,
KOTOpa5I CTpOllTC5I CJIe,/\YIOru;lIM 06pa30M. TIyCTb y Hac eCTb lIrpa K

,C He3aBliCliMbIMli lICxo,/\aMli (CM. CTp. 58) v llrpOKOB-aBTOMaTOB
.~1, ... , I2(v. TIpe,/\nOJIO)!(lIM, ,/\JI5I npocToTbI, tJTO Ka)!(,/\b1H aBTOMaT
lIMeeT TOJIbKO .,/\sa ,/\eHcTB1I5I: fl II f2'

0603HatJlIM tJepes PI (f) Bep05ITHOCTb npollrpbIllIa(llITpacpa) i-m
llrpoKa" eCJIli B npe,/\bI,/\yru;lIH MOMeHT BpeMeHlI Ha60p Aet!CT13liii, cOBep

rneHHblx: IlrpOKllMll, OhJ.Jl pasel! t = {fjl' .. , hv}'
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TaKall Ilrpa, O'IeBIl,n:HO, OIlIlCbIBaeTCll MapKOBCKOll neIlblO, 'IIlCJlO
COCTOllHllll KOTOpOll paBHO IlpOIl3Be,n:eHIlIO 'IllceJl COCTOllHIlH Bcex Y'Ia
CTBYIOlll.IlX aBTOMaTOB.

HaIlpllMep, eCJlIl Ka)K)J,bIH aBTOMaT IlMeeT 2n COCTOllHllll, TO 'IIlCJlO

COCTOllHllll nerrll paBHO (2n)v.
TIYCTb 3a)J,aHbI aBT011aTbI \!Ii, .. , \!IV - Y'IaCTHIlKIl IlrpbI K.

KaK MbI Y)Ke rOBOpIlJIIl, pe'Ib ll,n:eT 06 aCIlMIlTOTIl'IeCKIl-OIlTIlMaJIbHbIX
aETOMaTax. c

Bce OIlllcaHHble Ha CTp. 27-32 3TOll KHllrH KOHCTPYKnll1l aBTOMaTOB
06JIa)J,a1OT O)J,HIlMCBOHCTBOM:OHIl Ilpll 60JIbIIlllX n Ilo,n:OJIry )\eJIalOT O)J,HO

Il TO )Ke ,n:eHCTBlle. TI03TOMY Il Ka)K)J,bIH Ha60p )J,ellCTBIlH f )J,eJIaeTCll IlO
MHoro pa3 IlO)J,pll)J,. B Te'IeHlle Bcero 3Toro BpeMeHIl Ka)K)J,bIll aTOMaT
\!Ii KaK 6bI IlOMelll.eH B CTanllOHapHYIO CJIY'IaHHYIO cpe)J,y, B KOTOpOH
BepOllTHOCTb IIlTpa¢a. paBHa Pi (f).

,UJlll aBTOMaTa ~p,IloMelll.eHHoro B CTanllOHapHYIO cpe,n:y C BepOllT
HOCTblO IIlTpa¢a Pi (t), 0603Ha'IIlM 'Iepe3 T (~i, fii, Pi (f)) cpe)J,Hee

BpeMll, B Te'IeHlle KOToporo OH ,n:eJIaeT IlO,n:pll,n:)J,eHCTBlle fii' 3TO cpe).\

Hee BpeMll JIerKO COC'IIlTaTb ,n:JIll Bcex rrpe)J,JlO)KeHHbIX Ha CTp. 27-32
KOHcTPYKnllH aBTOMaTOB.

HOBall MapKoBcKall uerrb IlMeeT 2v COCTOllHllll, 0603Ha'IaeMbIX

Ha60paMil f = {fji' .•. , fjv}, r)J,e Ka)K)J,bIH IlH)J,eKC jm paBeH 1 IlJIIl 2.
BepollTHoCTb rrepexo)J,a 1I3 COCTOllHllll f1 = {fji' ... , fiv} B COC

v

T051HlIe f2 = {fhi' ... , fhv} paBHa II Tm' r)J,e
m=1

Tm={

l/T(~m, fim' Pm (fi)),

l-l/T(~m, fim' Pm (fi)),

eCJIlI

eCJIIl

jm =J= km,

jm=km·

TIo MbICJIlI M. JI. UeTJIIlHa nOBe)J,eHlle 3TOH MapKoBcKOH uerrll
rrpll n -+ 00 CXO)J,HOC rrOBe)J,eHlIeM IlepBOHa'IaJIbHOH MapKoBcKOH neIlIl,
oIlllCbIBalOlll.eH lIrpy aBTOMaTOB.


