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Markets and strategies

-

Consider the following random processes (stock prices): T
Sp=Si(t), k=1,....N, t>0
and the deterministic function (bond price) Sy = Sy(t), t > 0.
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Consider the following random processes (stock prices): T
Sp=Si(t), k=1,....N, t>0
and the deterministic function (bond price) Sy = Sy(t), t > 0.

To operate with assets Sy, 51, ..., Sy we consider a
self-financing strategy (dynamic portfolio) as
(N + 1)-dimensional predictable processes

H(t):( on(t) ; Qpl(t) o @N(t) )7 t > 0.
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Markets and strategies

-

Consider the following random processes (stock prices): T
Sp=Si(t), k=1,....N, t>0
and the deterministic function (bond price) Sy = Sy(t), t > 0.

To operate with assets Sy, 51, ..., Sy we consider a
self-financing strategy (dynamic portfolio) as
(N + 1)-dimensional predictable processes

I1(t) = ( @o(t) , ¢1(t) , ..., en(t) ), t=0.
N

The strategy value is defined as F'(t) = > ¢r(t) - Sk(t).
k=0
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Markets and strategies

-

Consider the following random processes (stock prices): T
Sp=Si(t), k=1,....N, t>0
and the deterministic function (bond price) Sy = Sy(t), t > 0.

To operate with assets Sy, 51, ..., Sy we consider a
self-financing strategy (dynamic portfolio) as
(N + 1)-dimensional predictable processes

N
5 -sk<t>.
k=0
o
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Self-financing strategies and arbitrage

o .

This strategy Is self-financing, if the increments in the
strategy value F' = F(t) are provoked only by the
Increments in assets’ prices:

N

dF(t) = > or(t)dSk(t).

k=0
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This strategy Is self-financing, if the increments in the
strategy value F' = F(t) are provoked only by the
Increments in assets’ prices:

N

dF(t) = > or(t)dSk(t).

k=0

The strategy is admissible, if F(t) > 0, for all ¢ > 0.
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Self-financing strategies and arbitrage

o .

This strategy Is self-financing, if the increments in the
strategy value F' = F(t) are provoked only by the
Increments in assets’ prices:

N

dF(t) = > or(t)dSk(t).

k=0
The strategy is admissible, if F(t) > 0, for all ¢ > 0.

A trading strategy II = II(#) Is called an arbitrage strategy
(at time 7)) if its initial capital is zero: F'(0) = 0, and
P(F(T) > 0) > 0.
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Self-financing strategies and arbitrage

o .

This strategy Is self-financing, if the increments in the
strategy value F' = F(t) are provoked only by the
Increments in assets’ prices:

N

dF(t) = > or(t)dSk(t).

k=0
The strategy is admissible, if F(t) > 0, for all ¢ > 0.

A trading strategy II = II(#) Is called an arbitrage strategy
(at time 7)) if its initial capital is zero: F'(0) = 0, and
P(F(T) > 0) > 0.

Our main objective is to construct arbitrage-free and
complete market models.
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European options

-

fConsider a contract which gives to its holder the payment X
(claim) at some specified expiry date, T' (maturity time). The
value X depends on the terminal state of the market,

X = f(S(T)). This contract Is called the European option.
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Consider a contract which gives to its holder the payment X
(claim) at some specified expiry date, T' (maturity time). The
value X depends on the terminal state of the market,

X = f(S(T)). This contract Is called the European option.

' stock price
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European options
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Consider a contract which gives to its holder the payment X
(claim) at some specified expiry date, T' (maturity time). The
value X depends on the terminal state of the market,

X = f(S(T)). This contract Is called the European option.

' stock price

T =time
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European options

o .

Consider a contract which gives to its holder the payment X
(claim) at some specified expiry date, T' (maturity time). The
value X depends on the terminal state of the market,

X = f(S(T)). This contract Is called the European option.

' stock price

| -

Denote its price at time ¢ = 0 by c.
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Pricing European option
-

The strategy I1 = I1(¢) Is called a hedging strategy, if it is
self-financing, admissible and replicated. The latter means

that the terminal strategy value coincides with the option
claim, F(T) = X.

=
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Pricing European option
-

The strategy I1 = I1(¢) Is called a hedging strategy, if it is T
self-financing, admissible and replicated. The latter means

that the terminal strategy value coincides with the option
claim, F(T) = X.
Hence the option price ¢ = F(0).
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Pricing European option
-

The strategy I1 = I1(¢) Is called a hedging strategy, if it is T
self-financing, admissible and replicated. The latter means
that the terminal strategy value coincides with the option

claim, F(T) = X.

Hence the option price ¢ = F(0).

If an arbitrary random claim X can be replicated by an

admissible and self-financing strategy then the market is
called complete.
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Pricing European option

-

The strategy I1 = I1(¢) Is called a hedging strategy, if it is
self-financing, admissible and replicated. The latter means
that the terminal strategy value coincides with the option
claim, F(T) = X.

Hence the option price ¢ = F(0).

If an arbitrary random claim X can be replicated by an
admissible and self-financing strategy then the market is
called complete.

=

The main questions of the theory are

1) What is the fair option price?
2) What is the respective trading strategy?
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Standard European options

-

Two principal standard options have the following claims.

=
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Standard European options

-

Two principal standard options have the following claims.

=

The claim
X = (S(T) - K)* = { S(T) - K, if 5(T) > K,
0, if S(T) < K

the call option with the strike K.

defines
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Standard European options

o .

Two principal standard options have the following claims.

The claim

X = ($(T) — )+ = ST — K ST > K e
0, if S(T) < K

the call option with the strike K.

The claim

X = (K — S(T))* = { % ST > K efines

K-S, it S(T)< K
the put option with the strike K.
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Option pricing & risk-neutral measure

o .

The measure P* Is named the risk-neutral measure, If
B(t)~'S(t) is a martingale:

Ep-{B(t)"'S(t)|F;} = B(r)"'S(r), 7 < t.



Option pricing & risk-neutral measure

o .

The measure P* Is named the risk-neutral measure, If
B(t)~'S(t) is a martingale:

Ep-{B(t)"'S(t)|F;} = B(r)"'S(r), 7 < t.

If the risk-neutral measure exists, and if it is unigue, then
the option price of the option with claim X is
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Option pricing & risk-neutral measure

o .

The measure P* Is named the risk-neutral measure, If
B(t)~'S(t) is a martingale:

Ep-{B(t)"'S(t)|F;} = B(r)"'S(r), 7 < t.

If the risk-neutral measure exists, and if it is unigue, then
the option price of the option with claim X is

¢ =Ep-{B(T) X}
and

F(t) =Ep-{B(T) 1 X|F}.
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Black-Scholes model

=

fAssume that the stock price moves according to geometric
Brownian motion:

S(t) = S(0)e"W+at  B(#) = B(0)e™, t > 0,

where v,r > 0, a € (—o0, 00) are constants.
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Black-Scholes model

=

fAssume that the stock price moves according to geometric
Brownian motion:

S(t) = S(0)e"W+at  B(#) = B(0)e™, t > 0,

where v,r > 0, a € (—o0, 00) are constants.
It is proved that the risk-neutral measure P* exists and it is
unique.
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Black-Scholes model
B

fAssume that the stock price moves according to geometric
Brownian motion:

S(t) = S(0)e"W+at  B(#) = B(0)e™, t > 0,

where v,r > 0, a € (—o0, 00) are constants.

It is proved that the risk-neutral measure P* exists and it is
unique.

The option prices ¢ = ¢(X) for many particular claims X can
be expressed exactly. For example, the standard call option
with strike K has the following expression for its price:

c=2S8y P(zy) —e ™K -D(2),

Lwhere 2y = ln(SO/KlJ\F/(%iU2/2)T and ¢(z) = \/LQ—W | e~% /24y, J
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Shortages of Black-Scholes model
B o

It Is widely accepted that the dynamics of asset returns
cannot be adequately described by geometric Brownian
motion with constant volatility v. These models
(Black-Scholes and its derivatives) have infinite propagation
velocities, independent log-returns increments on
separated time intervals among others.

o -
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It Is widely accepted that the dynamics of asset returns
cannot be adequately described by geometric Brownian
motion with constant volatility v. These models
(Black-Scholes and its derivatives) have infinite propagation
velocities, independent log-returns increments on
separated time intervals among others.

Something bothers a financial market at one point (say, In
Rio), then (at the same instant) the total world market is
disturbed (say, in Bogota).

o -

A iumbp telearanh model for option oricina — p. 9/4



Shortages of Black-Scholes model
B o

It Is widely accepted that the dynamics of asset returns
cannot be adequately described by geometric Brownian
motion with constant volatility v. These models
(Black-Scholes and its derivatives) have infinite propagation
velocities, independent log-returns increments on
separated time intervals among others.

Something bothers a financial market at one point (say, In
Rio), then (at the same instant) the total world market is
disturbed (say, in Bogota).

The PDEs which describe a behaviour of probability
densities of log-returns are parabolic.
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Shortages of Black-Scholes model

o .

It Is widely accepted that the dynamics of asset returns
cannot be adequately described by geometric Brownian
motion with constant volatility v. These models
(Black-Scholes and its derivatives) have infinite propagation
velocities, independent log-returns increments on
separated time intervals among others.

Something bothers a financial market at one point (say, In
Rio), then (at the same instant) the total world market is
disturbed (say, in Bogota).

The PDEs which describe a behaviour of probability
densities of log-returns are parabolic.

The main goal of this work is to create the financial model
Lwhich IS free from the shortages of the parabolic world. J
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Hyperbolic world
=

Hyperbolic equations, having a finite velocity of propagation
and a finite dependence range, look more attractive.
Random motions with finite velocities form a basis of this
world.

=
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Hyperbolic world
=

Hyperbolic equations, having a finite velocity of propagation
and a finite dependence range, look more attractive.
Random motions with finite velocities form a basis of this
world.

Let 0;(t),t > 0 be a Markov chain with values in the finite set
I,|I| = d and with initial state i: ¢;(0) = ¢,i € I.

For given numbers ¢;,7 € I we define the processes

=

t
Xz(t) :/O CO'i(T)dT7 t > 0 (1)
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Hyperbolic world
=

Hyperbolic equations, having a finite velocity of propagation
and a finite dependence range, look more attractive.
Random motions with finite velocities form a basis of this
world.

Let 0;(t),t > 0 be a Markov chain with values in the finite set
I,|I| = d and with initial state i: ¢;(0) = ¢,i € I.

For given numbers ¢;,7 € I we define the processes

=

t
Xz(t) :/O CO'i(T)dT7 t > 0 (1)

Consider the asset with the price dynamic S = S(t),t > 0

dS(t) = S(H)dX; () & dS = S(t)cy,@dt < S(t) = S(0) exp(X,(t)),
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Hyperbolic world
=

Hyperbolic equations, having a finite velocity of propagation
and a finite dependence range, look more attractive.
Random motions with finite velocities form a basis of this
world.

Let 0;(t),t > 0 be a Markov chain with values in the finite set
I,|I| = d and with initial state i: ¢;(0) = ¢,i € I.

For given numbers ¢;,7 € I we define the processes

=

t
Xz(t) — / CO'i(T)dT7 t > 0 (1)
0
Consider the asset with the price dynamic S = S(t),t > 0
dS(t) = S(1)dX;(l) & dS = S(t)cy,pdt & S(t) = S(0) exp(X;(?)),

Li e 1. This model admits arbitrage opportunities. J
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Jump-telegraph model

-

For given numbers h; > —1 we define jJump process

=

Ji(t) = Z hUi(Tj—)7 t >0 (3)
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Jump-telegraph model

-

For given numbers h; > —1 we define jJump process

=

Ji(t) = Z hUi(Tj—)7 t >0 (3)

and consider the stock price dynamics of the form
dS(t) = S(t—)[dXi(t) + dJi(?)], (4)

where X; Is defined in (1) and N;(¢),t > 0 is the Poisson
process which counts the number of switchings of o;.

o -
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Jump-telegraph model
| o

For given numbers h; > —1 we define jJump process

Ji(t) = Z hUi(Tj—)7 t >0 (3)

and consider the stock price dynamics of the form

dS(t) = S(t—)[dXi(t) + dJi(t)], (4)

where X; Is defined in (1) and N;(¢),t > 0 is the Poisson

process which counts the number of switchings of o;.
Integrating we have

S(t) = S(0)&(Xi + Ji) = S(0) exp(X(t)) - TLY (1 + By (7, )):

B N
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Jump-telegraph model

-

We assume the process S(t), t > 0 to be right-continuous.

=
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Jump-telegraph model

-

We assume the process S(t), t > 0 to be right-continuous.
The price of the non-risky asset has the form

=
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Jump-telegraph model

-

We assume the process S(t), t > 0 to be right-continuous.
The price of the non-risky asset has the form

=

B(t) = O, Yi(t) = / romdr, >0, (5)

Assume that the parameters of model (4)-(5) satisfy the
conditions
)\* L ry — G

(4 hz

> 0, i e 1. (6)
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Jump-telegraph model
-

We assume the process S(t), t > 0 to be right-continuous.
The price of the non-risky asset has the form

=

B(t) = O, Yi(t) = / romdr, >0, (5)

Assume that the parameters of model (4)-(5) satisfy the

conditions
r; — C;

N= 0 el (6)

Seeking for simplicity, we consider two-state Markov chain,
11| = 2.

o -
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Picture

X+J

Sample path of X + J
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Technical background
| o

From the point of view of technical analysis, market prices
can be described using continuous price trends (upward or
downward) between random instants. Changes in these
trends are accompanied by jumps. The proposed model
reflects this key viewpoint.

o -
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Technical background

- .

From the point of view of technical analysis, market prices
can be described using continuous price trends (upward or
downward) between random instants. Changes in these
trends are accompanied by jumps. The proposed model
reflects this key viewpoint.

Moreover this model reflects oversold/overbought market
situations: changes are gradually building up before
crashes and spikes.
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Technical background

=

fWe study the model that is both realistic and general
enough to enable us to incorporate different trends and
extreme events. This is the complete market model and
hedging is perfect. Jump component here is supplied not
only by reasons of adequacy. Jumps serve as the unique
tool to avoid arbitrage opportunities.
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fWe study the model that is both realistic and general
enough to enable us to incorporate different trends and
extreme events. This is the complete market model and
hedging is perfect. Jump component here is supplied not
only by reasons of adequacy. Jumps serve as the unique
tool to avoid arbitrage opportunities.
At the same time, the model allows to get closed form
solutions for hedging and investment problems.
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Technical background
B

fWe study the model that is both realistic and general
enough to enable us to incorporate different trends and
extreme events. This is the complete market model and
hedging is perfect. Jump component here is supplied not
only by reasons of adequacy. Jumps serve as the unique
tool to avoid arbitrage opportunities.
At the same time, the model allows to get closed form
solutions for hedging and investment problems.
Moreover this model has some features of models with
memory, but it Is rather more simple.
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Technical background

fWe study the model that is both realistic and general
enough to enable us to incorporate different trends and
extreme events. This is the complete market model and
hedging is perfect. Jump component here is supplied not
only by reasons of adequacy. Jumps serve as the unique
tool to avoid arbitrage opportunities.
At the same time, the model allows to get closed form
solutions for hedging and investment problems.
Moreover this model has some features of models with
memory, but it Is rather more simple.
Under suitable rescaling the jump telegraph model
converges to classic Black-Scholes model, which permits to
Interpret volatility.

o -
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Telegraph martingales

o .

The next theorem could be considered as a version of the
Doob-Meyer decomposition for telegraph processes with
alternating intensities.

Theorem 1. Let X;,7 = 0, 1 be the telegraph process with velocities cg
and ¢, and J; be the jump process with jump values hg, h1 > —1,
which is defined in (3). Then X; + J; is a martingale if and only if

Aoho = —co, Mh1 = —c1.

Here )\; Is the intensity of leaving of the state .

o -
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Telegraph martingales

o .

The next theorem could be considered as a version of the
Doob-Meyer decomposition for telegraph processes with
alternating intensities.

Theorem 1. Let X;,7 = 0, 1 be the telegraph process with velocities cg
and ¢, and J; be the jump process with jump values hg, h1 > —1,
which is defined in (3). Then X; + J; is a martingale if and only if

Aoho = —co, Mh1 = —c1.

Here )\; Is the intensity of leaving of the state .

Remark. In particular, it means that any (nontrivial) telegraph process
without jumps (i.e. if ; = 0) never possess a martingale measure. So
Markov-modulated persistent dynamics is the arbitrage model.

o -
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Change of measure

TL .

et X be the telegraph process with the velocities ¢}, and
= — Z cm (75— /)\ _y be the jJump process with jump

values hj = —c' /N > —L1.

o -
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Change of measure

TL .

et X be the telegraph process with the velocities ¢}, and
= — Z Caz (75— /)\ _y be the jJump process with jump

values h;f = —c;/\; > —1. Consider a probability measure
P* with a local density Z; with respectto P;, ¢ =0, 1

dP;

Zilt) = AP,

= &( X+ J), 0<t<T.

o -
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Change of measure

TL .

et X be the telegraph process with the velocities ¢}, and
= — Z %z (75— /)\ _y be the jJump process with jump

values h;f = —c;/\; > —1. Consider a probability measure
P* with a local density Z; with respectto P;, ¢ =0, 1

dP;

Zilt) = AP,

= &( X + J)), 0<t<T.

Using properties of stochastic exponentials, we obtain

Ni(t)
1;[ (1+h§m )
| -
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Girsanov theorem

-

Theorem 2. Under the probability measure P,

=

® process N; = N;(t), 0 <t < T is the Poisson process with
intensities \) = Ao — ¢ = Ao(1 + R§) and
Xf — A\ — CT = )\1(1 -+ hT)

® process X; = X;(t), 0 <t < T is the telegraph process with
states (cp, Aj)) and (c1, A]).

o -
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Girsanov theorem

-

Theorem 2. Under the probability measure P,

® process N; = N;(t), 0 <t < T is the Poisson process with
intensities \) = Ao — ¢ = Ao(1 + R§) and
Xf — A\ — CT = )\1(1 -+ hT)

® process X; = X;(t), 0 <t < T is the telegraph process with
states (cp, Aj)) and (c1, A]).

Theorems 1 and 2 allows us to give a following
characterization of the martingale measure.

o -
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Martingale measure

-

Theorem 3. Measure ]P’;‘ IS the martingale measure for the process
B;(t)71S;(t), t > 0if and only if

=

ro — €0 *
’ Cl
ho h1

Co = Ao —

Moreover, under the probability measure IP);‘, process [V; is the Poisson

process with alternating intensities A\, = Toh_o 9 and AT = rlh—l L,

o -

A iumbp telearanh model for option pricina — p. 19//



Fundamental equation (1)

-

Consider a European option with maturity time 7" and payoffT
function f(S(7T)). We assume f Is a continuous and

piecewise smooth function. To price these options, we need

to study the function

F(t, @, i) = B} 700 o@Dy T )|, (7

i=010<t<T,

where E* denotes the expectation with respect to the
martingale measure P?.

o -
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Fundamental equation (1)

-

Consider a European option with maturity time 7" and payoffT
function f(S(7T)). We assume f Is a continuous and

piecewise smooth function. To price these options, we need

to study the function

F(t, @, i) = B} 700 o@Dy T )|, (7

i=010<t<T,

where E* denotes the expectation with respect to the
martingale measure P?.

Fy = F(t, Si(t), o4(t)) Is the strategy value at time

t, 0 <t < T of the option with claim f(.S;(7T")) at the maturity
time T.

o -
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Fundamental equation (2)

-

Theorem 4. Function F' is a solution of the following hyperbolic system:
forO <t <T,

=

OF (i) + OF (4 x.4)
57 (6 0,1) +cim o (t, 2,
= (ri + X)) E(t,x, i) — N F(t,x(1+ h;), 1 —4),i=0,1 (8)
with the terminal condition F'(T', =, i) = f(x). Here
)\2( — (7“2' — C@')/hi.

o -
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Fundamental equation (2)

-

Theorem 4. Function F' is a solution of the following hyperbolic system:
forO <t <T,

=

(i) + e (1..)
at 7377,& Czajax 7x7

= (r; + \))F(t,z,i) — N F(t,x(1+ hy),1—14),i=0,1 (8)

with the terminal condition F'(T', =, i) = f(x). Here
)\;< — (7“2' — Ci)/hi.

This system plays the same role for our model as the
classical parabolic equation for Black-Scholes model:

1, 282F or OF
2U$ ax2+rmax+ 5 =rF (9)

o -
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Fundamental equation (3)

fIn contrast with classical theory, system (8) is hyperbolic. T
In particular, it implies the finite velocity of propagation,
which corresponds better to the intuitive understanding of
financial markets and to the viewpoint of technical analysis.

Note that these equations do not depend on );, just as the
equation (9) in the Black-Scholes model does not depend

on the drift parameter.

o -
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Convergence to Black-Scholes (1)

-

It iIs known that (homogeneous) telegraph process T
X = X(t), t > 0 converges to the standard Brownian motion

w(t), t>0,ifc, A = o0, ¢/VA— 1.
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Convergence to Black-Scholes (1)

-

It iIs known that (homogeneous) telegraph process T
X = X(t), t > 0 converges to the standard Brownian motion

w(t), t>0,ifc, A = o0, ¢/VA— 1.

The following theorem provides a similar connection (under
respective scaling) between stock prices driven by
geometric jump telegraph processes and

geometric Brownian motion.

o -
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Convergence to Black-Scholes (1)

-

It iIs known that (homogeneous) telegraph process T
X = X(t), t > 0 converges to the standard Brownian motion
w(t), t>0,ifc, A = o0, ¢/VA— 1.

The following theorem provides a similar connection (under
respective scaling) between stock prices driven by

geometric jump telegraph processes and

geometric Brownian motion.

Letcg —¢cyg — o0, Ao, A1 — o0, ho,h1 — 0 and

— [\
‘1 0 > 0, )\—1 — 7, \/ )\ihi — Oy, (10)
0

VAL + VAo
L \/A_l\/_i\_l\/)\_o(q) -+ )\Qho) + \/)\_1\/5\/)\_0(61 —+ )th) — 0. (11)J
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Convergence to Black-Scholes (2)

=

|7Theorem 5. Under the scaling conditions (10)-(11) model (4) converges
to the Black-Scholes:

S(t) 2 Spexp{ow(t) + (§ — 52/2)t},

where v = \/(0 + (yor — a) /(1 +4))° + 2 and 32 = O‘%%VWO‘%
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Convergence to Black-Scholes (2)

|7Theorem 5. Under the scaling conditions (10)-(11) model (4) convergesT
to the Black-Scholes:

S(t) 2 Spexp{ow(t) + (§ — 52/2)t},

where v = \/(0 + (yor — a) /(1 +4))° + 2 and 32 = Oﬁ%’yﬁ%

Remark. Under the martingale measure IP* transition intensities take a
form —c; /h; (if r; = 0). Thus the drift vanishes,

A = \/)\_I/j‘_i/A—O(co + Aohg) + \/)\—I/Ji_f/)\—o(q + A1h1) = 0. Moreover, in

. S C1—Cy — _ 1 A1 hi1—Aoho — o1 —Go
this case 0 = lim NOXERAYS lim NSYERTS T The
2 2
limiting volatility v in this case coincides with 5: v = § = \/%

o -
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Convergence to Black-Scholes (3)

=

fRemark. Condition (11) in this theorem means that the total drift
A=A+ YN (v A1h1 + v Aohg) is asymptotically finite. Here

VAV o
A= \/)‘_\;%1\/@61 IS generated by the velocities of the telegraph
1 0
process, and the summand \/A_Vl/\ii\/OA_o(\/)‘lhl + v/ Aoho) represents the

drift component (possibly with infinite asymptotics) that is motivated only
by jumps. If here the limits of A\;h; are finite, then A — const, and
a1 = ag = 0. In this case the volatility of limit is

v =0 =lim(c1 — cp)/ (VA1 + Vo).

o -
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Convergence to Black-Scholes (3)

=

fRemark. Condition (11) in this theorem means that the total drift

A=A+ \/A_Vl)ii‘/‘)ro(\/)\_lhl + v/ Aohg) is asymptotically finite. Here

A= \/)‘_\;%1\/@61 IS generated by the velocities of the telegraph
1 0

process, and the summand \/A_Vl/\ii\/OA_o(\/)‘lhl + v/ Aoho) represents the

drift component (possibly with infinite asymptotics) that is motivated only
by jumps. If here the limits of A\;h; are finite, then A — const, and
a1 = ag = 0. In this case the volatility of limit is

v =0 =lim(c1 — cp)/ (VA1 + Vo).
Hence in jump telegraph model value (c1 — cg)/(v/ A1 + v/ Ag) can be

interpreted as “telegraph” component of volatility, and v/ \; h; are
volatility components engendered by jumps.

o -
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Convergence to Black-Scholes (4)

-

In general, the limiting volatility

v = \/(0 + (yoq — ap)/(1 4 7))* + 2 depends both on
“telegraph” and jump components.

=
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Convergence to Black-Scholes (4)
fI
v = \/(0 + (yoq — ap)/(1 4 7))* + 2 depends both on

“telegraph” and jump components.
So it is natural to define volatility of jJump telegraph market

as
vol? — ( c1 — Co )2 (1 N Ahy — A0h0>2
VA1 +v o c1 — Co
VAR + VA2

=

n general, the limiting volatility

VA1 + Vo
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Pricing call options (1)

A .

ccording to the theory on option pricing, we have
¢' =E; [Bi(T)"H(Si(T) — K)*],

where K is the strike price and E’ (-) Is the expectation with
respect to the martingale measure P?. In case of the model

(4)-(5), one can rewrite ¢* as

¢t = SoUD(y, T) — Ku(y, T), i=0,1 (12)

o -
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Pricing call options (2)
fWith T
Zun y— by, T),

ZU y— o, 1),

where y = In K/5;(0), bl = Z In(1 + hg,(r,—y), @and functions
j=1

uff), Uﬁf), n > 0,7 = 0,1 can be directly calculated.

o -
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Pricing call options (3)

-

First, notice
un’ (y,1) = Ef [Bi(t) " 1ix, )5y No(t)=n1 ] -

U (y,8) = EF [Bi(t) " &(Xi + Ji) 11 x5y No(t)=n1]
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Pricing call options (3)
o

Irst, notice
ug) (y,t) =E; [Bz'(t)_l1{X7;(t)>y,Nz-(t)=n}} )

U (y,8) = EF [Bi(t) " &(Xi + Ji) 11 x5y No(t)=n1]

and U (y, t; A%, i, 1) = ui(y, & N(1+ hy), e, 0).
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Pricing call options (4)

L

Finally, these functions can be calculated as

0, y> cit,
(1) _ (1) .
un’ = wy'(p, q), cot <y <t i=0,1,
p7(7:&) (t)a y < Cota
p= 2y g =¥ where
c1—Co'’ c1—Co'

wfﬁ — o~ (A1) g—(\s+ro)p A(z‘) (z‘)(p’ 7).

pf,(f)(t) — o (>\0+7’0)tA( )P( )( t) with
AY = ([0 (\x )2 =01, n > 0.
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Pricing call options (5)
B ’ o

Functions P,’ and vq(f) are defined as follows:
Pél) — e—at’ PO(O)
(—at)”

PO — Py = 14 3 %ﬁfg’f g ] i =0,1, where

m,,g) = [n/2] amg) =[(n—1)/2],
(m)yk=m(m+1) ... (m+k—1),a=A—\,+r1 — 70,

o -
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Pricing call options (5)
[ N | o

Functions P,’ and vq(f) are defined as follows:
)

Pél) = _at,P( =1,

PO =Py =C 143 “”gfﬁff - (g’f)k] i =0,1, where
k=1

my) = [n/2],mt) = [(n—1)/2],

(m)g=m(m+1) ... (m+k—1),a= A —\j+7r1—r0;
v(()()) = 0, vé” =e P vf&) = Pi(p) and for n > 1

0524—1 — U§2+1(P, q) = Pont1(p) + > %Sf?k (D),

k: 1
o = o0, ¢) = PO () + z 7 ori1n(D),
=, g = Pgﬁ? )+ 3 L o1 a(D). o

k=1
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Pricing call options (6)

- .

Here o, = Pani1,
k—1 |
o= "I P 1<k <,
=0

where Gy ; = (kfj;)z[fl/Q]-
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Pricing call options (6)
h

ere Po,n — P2n+11

k—1
Phn = Zak_j_lﬂkajpévzzjv 1 <k <n,
i=0

where Gy ; = (k[_jﬂ/')z[]:f!/z]_

In particular case A} = \j = A, r; = rg = r these functions
have a more simple form p,,(f)(t) _ o ()t A"

n!
. omD
wy,) = RSP L ¢"p" . Here
0

mi = n/2],m® = [(n - 1)/2].

. B
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Memory effects and historical volatility

- .

Historical volatility is defined as

HV (1) — \/V&I‘{logS(t—FT)/S(T)}. (13)

t

For classical Black-Scholes model
log S(t +7)/S(7) £ at + vw(t) the historical volatility is
constant: HVps(t) = v.
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Memory effects and historical volatility
L o

Istorical volatility is defined as

HV (1) — \/Var{log S(tt+ T)/S(T)}. (13)

For classical Black-Scholes model

log S(t + 7)/S(7) 2 at + vw(t) the historical volatility is
constant: HVps(t) = v.

In a moving-average type model

t T
log S(t)/S(0) = at + vw(t) — v / dr / pe~ TP T=1) Qo (),
0 —00

Lwhere v, q, ¢+ p > 0 the historical volatility is J
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Memory and historical volatility (2)

B (, N
BV (1) = 21/ + p(20 + p)@A(1)

o 1_e—2)\t

with 2\ = ¢ +p and ®,(t) = ~—;—. Recently this type of

models have been applied to capture memory effects of the
market.
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Memory and historical volatility (2)

- .

HV (1) = 2-1/a? + p(2g + p)@x(1)

with 2\ = g + p and &, (¢t) = 1 ;At Recently this type of
models have been applied to capture memory effects of the
market.

Historical volatility in the jump telegraph model

(in particular case A\g = A\ = \) IS

HV;(t) = /02 + K209y (1) /A + 7iPA(t) — 2Br(—1)ie—2M

With 02 = a? /X + AB?, k = a + \b, v; = —2a(k — (—1)*AB) /.

Here b = $1In 1121,3 (1 + h1)(1 + hg), ¢ = (a1 — ¢c0)/2,

a = (c1 +co)/2

o -
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-

In general, we have the following limits

lim HV( = /i In(1 + h;)
. A1A0
lim HV;(t) = [(AoB —¢)* + (M B +¢)?]

t—00 B 2/\3

o -
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-

In general, we have the following limits

lim HV( = /i In(1 + h;)
. A1A0
lim HV;(t) = [(AoB —¢)* + (M B +¢)?]

t—00 B 2/\3

These limits look reasonable: the limit at O is engendered
by jumps only, the limit at co contains both “velocity"
component and a long term influence of jJumps.

o -
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Memory and historical volatility(3)
-

The limits of historical volatility under a standard diffusion
scaling are more complicated. Nevertheless, in the
symmetric case A\ = \p = A, we have under the scaling
conditions \, a — oo, h; — 0, a?/\ — o2, VAh; — a; that
the historical volatility HV;(¢) converges to

Vo2 + (a1 + ag)?/4.

=

o -
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Memory and historical volatility(3)

o .

The limits of historical volatility under a standard diffusion
scaling are more complicated. Nevertheless, in the
symmetric case A\ = \p = A, we have under the scaling
conditions \, a — oo, h; — 0, a?/\ — o2, VAh; — a; that
the historical volatility HV;(¢) converges to

\/02 + (1 + ag)? /4.

Notice, that under the martingale measure P*, we have
A= —c¢i/hi, 0 = (—a1 + ag)/2, and the diffusion limit of

historical volatility equals to v = \/(a% + o) /2, which

coincides with the volatility expression for the diffusion
scaling.

o -
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Implied volatility
5

Define the Black-Scholes call price function f(u,v),
1 = log K by

=

IS

F(R+g) —erP (£-),  ifv>0,
(1—e")T, if v=0.
The processes V;(u,t), t > 0, u € R defined by the equation
E|(S(t+7)/S(r) = e | FD| = (1, Viry (1))

are referred to as implied variance processes.

o -
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Implied volatility is Markov-modulated

o .

The implied volatilities IV;(u, t) are defined as

V(1,1
Nz-(umt)\/ )t t)

t

A iumbp telearanh model for option pricina — n. 38//



Implied volatility is Markov-modulated
- o

The implied volatilities IV;(u, t) are defined as

Voo (.t
Ni(ﬂmt)\/ @t

t

Notice that

Nz(:u7 T, t) — NJZ-(T) (:ua 07 t)

So the implied volatility is Markov-modulated, but it
does not move in parallel shifts.
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Numerical results

-

We performed the numerical valuation of the jump
telegraph volatility and the historical volatility, which are
compared with the implied volatilities with respect to
different moneyness and to the initial market states.

o -
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Numerical results

-

We performed the numerical valuation of the jump
telegraph volatility and the historical volatility, which are
compared with the implied volatilities with respect to
different moneyness and to the initial market states.

=

We assume Sy = 100,7T" = 1.

First, consider the symmetric case: \; = 10,¢; = +1 and
hz' = F0.1.

The results are the following: HVy = HV; = 0.3162, jump
telegraph volatility=0.3162.

Notice that these frowned smiles of implied volatilities IV
and IV intersect at K /Sy = 1.17.

o -
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Volatility smile (1

0.34

0.33 _

0.32- f

0.31

0.3 *

0.29 _

implied volatility

0.28 - f

0.27

0.26 - f

025 | | |
-1 -0.5 0 0.5 1 15

log—-moneyness: Iog(K/SO)

L)\Z' — IO,CZ' — :|:17 hi = :Fo.l J
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Volatility smile (2)
-

HVy = 0.4198, HV = 0.4402; tel. volatility=0.4301

=

implied volatility

| | |
-0.5 0 0.5
log—-moneyness: Iog(K/SO)

\—7 — O7 Co — 0.3, c1 = 1.9, )\z' — 10, h() — —0.03, hl = —0.19 J
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Volatility smile (3)
b

ow-Jones industrial average July 1971-Aug 1974

0.2 0 0.2 0.4 0.6
log-moneyness : Iog(K/SO)

Ao = 48.53, A\ = 34.61, hg = —0.0126, h; = —0.0358,
co = 0.61,¢; = 1.24; HVy = 0.1630, HV; = 0.1642;
jump telegraph volatility=0.1661

o -
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Volatility smile (4)

implied volatility

L)\z- —10,hg = —0.03,h; = —0.19,¢co = 0.3,¢; = 1.9

A iumbp telearanh model for option pricina



Problems and perspectives

-

# (a) Velocities move through a binary tree (as in
CRR-model);
(b) Calibration of the parameters of jJump telegraph
model according to real market data;
(c) iInhomogeneous case:
C; — Ci(x,t), )\7; — )\Z'(le,t), hz' — h@'(x,t)

o -
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Problems and perspectives

- .

# (a) Velocities move through a binary tree (as in
CRR-model);
(b) Calibration of the parameters of jJump telegraph
model according to real market data;
(c) iInhomogeneous case:
C; — Ci(x,t), )\7; — )\Z'(le,t), hz' — h@'(x,t)

# Jump and/or velocity values are random. In this case the
model Is incomplete

o -
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Problems and perspectives

- .

# (a) Velocities move through a binary tree (as in
CRR-model);
(b) Calibration of the parameters of jJump telegraph
model according to real market data;
(c) iInhomogeneous case:
C; — Ci(x,t), )\7; — )\Z'(le,t), hz' — h@-(x,t)

# Jump and/or velocity values are random. In this case the
model Is incomplete

#® Arcsine law for jJump telegraph processes and path
dependent options

o -
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Problems and perspectives

=

(a) Velocities move through a binary tree (as In
CRR-model);

(b) Calibration of the parameters of jJump telegraph
model according to real market data;

(c) iInhomogeneous case:

C; — Ci(x,t), )\7; — )\Z'(le,t), hz' — h@-(x,t)

Jump and/or velocity values are random. In this case the
model Is incomplete

Arcsine law for jump telegraph processes and path
dependent options

Application of branching telegraph processes to market
models

-
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