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Solving problems is a practical skill like, let us say,
swimming. We acquire any practical skill by imitation
and practice. Trying to swim, you imitate what other
people do with their hands and feet to keep their heads
above water, and, finally you learn to swim by practicing
swimming. Trying to solve problems, you have to observe
and to imitate what other people do when solving
problems and, finally, you learn to do problems by doing
them.

— George Polya
How to solve it, 1945
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Toom (1976) and Galperin (1975, 1977), we consider the space R™. The set of

states is M = {0,1,2}. Maps x : R" — M are called R"-configurations and the

set of all R"-configurations is denoted by MR". Consider a list U = {uy,...,u;} of ele-

ments of R” and f : M* — M such that a; < by,...,a; < by implies f(ai,...,az) <

f(by,...,by) and f(a,...,a) = a for all a € M. Any map D : MR" — MR" given by
(Dz)p = f(Zptuss---»Tptu,) for all p € R™ is called a regular operator.

For any R"-configuration = we denote maz(z) = max{xz,|p € R"}. We say that D
2-degrades x € MR" if there is to € Z such that mazx(D%z) < 2. If D 2-degrades =, then
we define the 2-/ifetime of x under D as 7 (z) = min{t € Z |maz(D'z) < 2}. Otherwise,
we say that the 2-lifetime of x is infinity and write 7°(2) = co. We call z € MR" an island if
the set {p € R™ |z, # 0} is bounded. An operator is called a 2-degrader if it 2-degrades all the
islands.

Consider the island dr : R™ — M, where R € R, given by dr(p) = 2 whenever ||p|| < R
and otherwise dr(p) = 0. We say that D is linear 2-degrader if there are \p,ap > 0 such that
P(dr) < A\pR+ap forall R € R,.

Chapter 2 deals with the one-dimensional case, i.e., the continuous space IR. We have
generalized the Galperin’s Ly 2, Rp2, Lo and Ry . In special, we shall see that an one-
dimensional 2-degrader is always linear 2-degrader. Chapter 3 presents a sufficient condition
for a two-dimensional regular operator be linear 2-degrader. It is obtained by using one-
dimensional tools introduced in Chapter 2. Chapter 4 presents a sufficient condition for a 2-
degrader not be a linear 2-degrader one. Moreover, it also shows that under some assumptions

over a regular operator there is a island that grows without bound.
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contrario de Toom (1976) e Galperin (1975, 1977), consideramos o espaco R™. O
conjunto de estados ¢ M = {0,1,2}. Aplicagdes = : R™ — M sao ditas R"-configuragoes

e o conjunto de todas elas é denotado por MR". Considere uma lista U = {uy,...,ux}
de elementos de R" e f : M* — M tal que a; < by,...,a; < by implica f(ay,...,a;) <
f(by,...,bx) e f(a,...,a) = a para todo a € M. Qualquer aplicacio D : MR" — MR"
definido como (Dx), = f(@ptuss-- -, Tptu,) para todo p € R™ é chamado um operador regular.

Dada uma configuragdo z, denotamos max(z) = max{z,|p € R™}. Dizemos que D
2-degrada * € MR" se existe ty € Z, tal que maxr(D%z) < 2. Se D 2-degrada =z, entio
definimos o 2-tempo de vida de x sob D como 7 (z) = min{t € Z | max(D'z) < 2}. Caso
contrario, dizemos que o 2-tempo de vida é infinito e escrevemos 7 (z) = co. Dizemos que
z € MR" é uma ilha se o conjunto {p € R" |z, # 0} é limitado. Chamamos um operador de
2-degrader se este 2-degrada qualquer ilha.

Considere a ilha dg : R® — M, onde R € R, dado por dr(p) = 2 quando ||p|| < Re
dr(p) = 0 noutros casos. Dizemos que D ¢é 2-degrader linear se existem Ap,ap > 0 tais que
P (dr) < ApR+ ap paratodo R € R,.

Capitulo 2 trata do caso uni-dimensional, i.e., R. La, generalizamos Lg 2, Ro 2, L2 € R20
definidas por Galperin. Em especial, veremos que um 2-degrader uni-dimensional é sempre
linear. Capitulo 3 apresenta uma condi¢ao suficiente para um operador regular bi-dimensional
ser 2-degrader linear. Isto é obtido usando ferramentas uni-dimensionais introduzidas no
Capitulo 2. Capitulo 4 apresenta uma condi¢do suficiente para um 2-degrader nio ser linear.

Mais ainda, mostra que sobre certas condi¢oes sobre D existe uma ilha que cresce sem limites.
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CHAPTER 1

If you wish to observe bird life with some chance
of obtaining interesting results, you should be
somewbhat familiar with birds, interested in birds,

perbaps you should even like birds.

— George Polya

n and m be two positive integers. Consider, at first, the space Z" and the finite set

of states M = {0,1,...,m}. Amap z : Z™ — M is called a configuration and the set

of all configurations is denoted by M#%". The image by the map z of an element v € Z" is
denoted by z,.

Let V = {v1,..., v} be a finite list of elements of Z". A map f : M* — M is called a

transition map. A set V and a transition map f with one and the same parameter k£ determine

another map P : M%" — MZ" by the following rule:

(P2)p = f(Tptvys---»Tpiv,) forall peZm™. (1.1)
The t-th iteration of P, denoted by P?, is defined by

P°=1 and P'"'=PoP! forall teZ,,

where I is the identity map.

The study of the dynamic system obtained by { P*z};cz, , where x is a given configuration,
is usually referred as processes with local interaction, interacting particle systems, cellular automata
and by many other names. Searching internet for those terms and similar phrases, we get
many thousands of results. In addition to that, the new research in this area is so abundant

that surveys like Maes (2005) are in order.
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We can trace cellular automata’s way back to the 40s when John von Neumann designed
a self-replicating machine. His construction was completed and published by Artur W. Birks
in von Neumann (1966). The time was discrete, the space, in which this abstract machine
functioned, also was discrete and two-dimensional and every component had 29 possible
states and interacted only with its nearest neighbors.

Why are these topics so popular among modern scientists? Because they are very powerful
as models of various kinds of reality. The phrase “programmable matter”, first coined by
Toffoli & Margolus (1991) is a good expression of this power. Indeed, processes with local
interaction may be used to model an enormous range of natural phenomena.

Models of this sort typically include: a space, discrete or continuous; time, discrete or
continuous; and the set of states of each component, also discrete or continuous. For exam-
ple, many well-known works, including T. Liggett’s fundamental book Liggett (2005), deal
with models, where the space is discrete and one-dimensional, time is continuous and every
component has two possible states.

A configuration x for which the set {v € Z™ |z, # 0} is finite is called an island. Any

operator P is said to be an eroder if for every island z there is 7(z) € Z such that
(PT@z), =0 forall veZ".

One may wonder whether an operator is an eroder. This issue is part of mathematicians’
response to the following situation. Imagine a large uniform surface with a small defect. This
may be a healthy biological tissue with just one sick cell or a large solid body, generally robust,
but with a small defect. Which way will this situation take: may be this defect will disappear:
the tissue may cure itself; or may be this defect will grow as an epidemy and contaminate all
the tissue; or may be the defect will remain as it is, neither growing nor disappearing.

The power of such models has its opposite side: many questions about them have no
algoritmic answer as presented in Kurdyumov (1980) and Petri (1987). So to obtain solv-
able problems we need somehow to restrict our range of systems. One useful restriction is

monotonicity. We say that a transition map f is monotonic if
ay <by,...,a <bpy = f(ay,...,ar) < f(br,...,bg).
An operator P is called regular if it is defined by (1.1) where f is monotonic and
fla,...,a)=a forall ae M.

12



INTRODUCTION

Some researches have investigated those regular operators, namely, Andrei Toom and Gregory

Galperin.

Andrei Toom has studied a regular operator P where M = {0,1} in Toom (1976, 1980).
There, he called a subset S of V' by zero-set if

VwesS :xy,=0= f(xy,...,2q,) =0.

Notice that there is just a finite number [ € Z_ of zero-sets: Z1,Zs,...,Z;. Each Z; can be

seen also as a subset of R™, whence, in that sense, we can consider its convex hull
conv(Z;) .

Let us denote

THEOREM [ TOOM, 1980 I: Regular operator P is an eroder if, and only if. oo = (.

Galperin (1975) considers regular operator where n = 1. There, Galperin defined a con-

figuration z as increasing when
Yo,w €EZ v < w=>Ty < Ty, .

Decreasing configuration is defined similarly. If a configuration x is increasing or decreasing,
there are vy,vo € Z and a,b € M such that z, = a for all v < v; and z, = b for all v > vs.
Whenever a # b, we say that x is a (a, b)-ladder.

Given a (a, b)-ladder =z,

L'(z)=max{veZ|r,=a} and R'(z)=min{veZ]|x,=0}.

We call by (a, b)-jump and denote by j, ; any (a,b)-ladder for which R'(z) — £'(z) = 1.
Galperin proved existence of the following limits:

£'(Pt, R (P,
fim S0 _ o and g R ed)

t—00 t t—00

= Rap. (1.2)

13
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He called them left (a,b)-rate and right (a,b)-rate of regular operator P respectively and
presented the following result:

THEOREM [ GALPERIN, 1975 |: A regular operator P where n = 1 and M = {0,1,...,m} is an
eroder if and only if

Rom > Lmo, Rom—1> Lm-1,0, ..., Ro1>Lip.

Two cases with discrete space have been discussed: when M = {0,1} and when n = 1.
Going beyond these results, the first case we meet is when M = {0,1,2} and n = 2. Until
now the only contribution to the research of this case was a study of one concrete example
by Lima de Menezes & Toom (2006) and even it was useful: it showed behaviors which are
impossible in the previously studied cases.

Unlike Toom (1976) and Galperin (1975, 1977) results, this work deals with continuous
space. We consider the space R™ and its elements are called points. Elements of the set M =
{0,1,2} are called states and we order M by the evident rule 0 < 1 < 2. Maps z : R" — M
are called R"-configurations and the set of all R"-configurations is denoted by MR". Given a
point p € R™ its image by the IR”-configuration z is denoted either by z(p) or by x,,.

Any map D : MR" — MR" is called an operator. In particular, for every ¢ € R” one can

define an operator S : MR" — MR" given by
(Sz)y, = xp—y forall peR".

An operator S is called a shift by q. An operator D is called shift-invariant if it commutes with
all shifts of MR" | i.e.,
DoSY= 8% D forall geR,

where o denotes the composition of maps.

We choose a neighborbood, that is a finite non-empty list
U={uy,...,up}
of elements of R™. The non-negative number
ry = max{ |u;| |u; € U} (1.3)
is called neighborhood radius.

14
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Any map f : M* — M is called a transition map. A neighborhood U and a transition map

f with one and the same parameter k£ determine an operator D by the following rule:

(Dz)p = f(Zptuss- - Tpyu,) forall peR™. (1.4)

An operator D defined by (1.4) is shift-invariant. Indeed,
(870 Dx)p = (Dx)p—q = f(Tp—gturs- - » Tp—qtuy)

= (") pturs- > (S2)ptuy) = (D 0 S%z),.

Given two R™-configurations x and 2/, we write = < z’ and say that = preceeds x' it
x, <z, forall peR"
We call an operator D monotonic if
r <1 = Dz < Dz'.

Notice that operator D defined by (1.4) is monotonic if and only if its transition map f is
monotonic.

We call an operator D regular if it is defined by (1.4) where f is monotonic and
fla,...,a)=a forall ae€ M. (1.5)

If D and D’ are regular, then D = D o D’ is also regular.

For instance, each shift operator S7 is a regular operator. Moreover, if the neighborhood
U has just one element then a regular operator is necessarily a shift operator. However, if
the neighborhood U contains more than one element, then one can define a regular operator
that is not shift operator. Consider a monotonic transition function f : M? — M where

£(0,2) = f(2,0) =2 and U = {0, 1}. The configuration

z(v) = (1.6)
0 otherwise,
has Dz # S"x for any w € R.
Nevertheless, we will see later that under some appropriate assumption each regular op-
erator D acts like a shift operator on a special class of configurations. All our main results

concern regular operators.

15
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For any R"-configuration x we denote
maz(x) = max{z,|p € R"}.
Similarly the ¢-th iterated of D, D', is defined by
D=8 and D'"'=DoD' forall tecZ,.

We say that a regular operator D 2-degrades a R™-configuration z if there is ¢y € Z such that
maz(Dz) < 2 (whence, since D is regular, max(Dtx) < 2 for every t > tg). Accordingly, we
say that D does not 2-degrade a R"-configuration x if maz(D'x) = 2 forallt € Z .
If D 2-degrades a R"-configuration z, then we define the 2-/ifetime of x under D as the
non-negative number
P (x) = min{t € Z, | maz(D'z) < 2}.

Otherwise, we say that the 2-lifetime of x is infinity and write 72’ (z) = oco.

We call 2z € MR" an island if the set {p € R™ |z, # 0} is bounded. Notice that if D is
regular and z is an island, then D'z is also an island. An operator is called a 2-degrader if
it 2-degrades all the islands. Accordingly, an operator is a non-2-degrader if there is an island
which it does not 2-degrade.

We shall concentrate our attention on the island dr : R — M depending on a non-
negative parameter R and defined by

2 if ol <R,
dr(p) = (1.7)
0 otherwise,
where || |[denotes the usual norm’.

An operator D is said to be linear 2-degrader if there exist positive real numbers Ap and ap

such that

TQD(dR) < ApR+ap.

Chapter 2 deals with the one-dimensional case, i.e., the continuous space R. There, we
have generalized Galperin’s Lo 2, Ro 2, L2 and Ry given in (1.2). There are some technical
difficulties, but the main results are similar to those of Galperin. In particular, we shall see that
an one-dimensional 2-degrader is always a linear 2-degrader. Chapter 3 presents a sufficient

condition for a two-dimensional regular operator to be a linear 2-degrader. It is proved using
"The usual norm || || : R™ — Ry is given by ||p|| = 1/p? + -+ + p2.

16
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one-dimensional tools introduced in Chapter 2. Chapter 4 presents a sufficient condition for a
2-degrader not to be a linear 2-degrader. Moreover, it also shows that under some assumptions
over a regular operator there is a island that grows without a bound.

There is no doubt to me that the beauty emerging from the studying of 2-degrader charac-

ter sufficiently justifies this work.

17



CHAPTER 2

The teacher should encourage the students to
tmagine cases in which they could utilize again
the procedure used, or apply the result obtained.
Can you use the result, or the method, for some

other problem?

— George Polya

Andrei Toom once told the author (in portuguese):
“Isto pode ser feito em R [referindo-se a Galperin (1975)]... E isto é bom fazer”

This Chapter investigates how to apply Galperin’s method to continuous space R and the set
of states M = {0, 1,2}.

A la Galperin, a configuration z € MR is called increasing if
Vp,geR : p<q= x, < z4.

Similarly, a configuration x € M® is said to be decreasing if
Vp,geR : p>q=x, < x4

We say that a configuration is monotone if it is increasing or decreasing. Notice that if x is

monotone, then there are p1,ps € R and a,b € M such that

zp=a forall p<p; and z,=0b forall p>p,.

1“It can be done in R... And it should be done.”



VELOCITIES A LA GALPERIN IN R

A monotone configuration x for which a # b is said to be an (ab)-ladder. Figure 2.1 presents a
(02)-ladder x and a (21)-ladder z’.

For any (ab)-ladder x, we denote
L(z)=sup{peR|z,=a} and R(z)=inf{peR|z,=>b}.

The real numbers £(z) and R(z) are said to be the left coordinate and right coordinate respec-

tively. Furthermore, the non-negative number

is called the length of the (ab)-ladder x.

z(v) '(v)
Eh I —2
&——1—O O+
e Y L(z) = R(x) Y

Figure 2.1: Example of a (02)-ladder x and a (21)-ladder z'.

We say that an (ab)-ladder z is right-continuous at py € R if there is a positive real number

e such that

po <p < po+e= x(p) = x(po).

Moreover, an (ab)-ladder x is said to be right-continuous if it is right-continuous at all p € RR.
A left-continuous ladder is similarly defined. Notice that configurations z and 2’ in Figure 2.1
are right-continuous and left-continuous respectively.

An (ab)-ladder = with [(x) = L(x) = R(x) = 0 that is either increasing and right-
continuous or decreasing and left-continuous is called an (ab)-jump and it is denoted by j,p.
Figure 2.2 shows jgs and j1o.

From Lemma 1, which is proved in the Section 2.1, there are V1, V12 € R for which
Djo1 = S"jou  and  Djig = SV2j1s.

The real numbers Vy; and Vi are called the (01)-velocity and the (12)-velocity of the one-

dimensional regular operator D respectively.

19
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Joz(v) Jio(v)
2@ 2t
N +@
L) C
v v

Figure 2.2: (02)-jump and (10)-jump.

The main results presented in this text are called Theorems. There are four of them in

Chapter 2, namely,

THEOREM I Let D be a one-dimensional regular operator. Then the following limits exist:

. L(D%jo2) . R(D"jo2)
Jim ——== = Lop(D),  lim ——=— = Roz2(D),
¢ t;
fim SP920) _ppy apd tim P20 gy
t—00 t t—o00

The limits Loz (D), Ro2(D), Lao(D) and Rog(D) are called left (02)-velocity, right (02)-velocity,
left (20)-velocity and right (20)-velocity of the regular operator D respectively. They are natural
generalizations of the limits presented in (1.2). We venture to simplify the notation of these

limits to L2, Ro2, Log and Reg whenever it does not cause confusion.

THEOREM 2 Let D be a one-dimensional regular operator. Then there are a right-continuous (02)-

ladder x and a left-continuous (20)-ladder x' for which
R(D'z) = R(x) + tRoy and L(D's") = L(2') +tLo forall t€Z., .

One may say that there is always a right-continuous (02)-ladder = for which the sequence of

right coordinates {R(D'x)}.cz, has a uniform motion.
THEOREM 3 If Vi1 > Vig, then

—2ry + tVoo < L(D%o2) < R(D%joz) < 2ry +tVoo forall teZ,,
and Vo2 = Loz = Ro.
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THEOREM 4 For any one-dimensional regular operator D exactly one of these two cases takes place:

> Operator D is a linear 2-degrader.

> Operator D is a non-2-degrader.

In the one-dimensional case, a 2-degrader is always a linear 2-degrader.

Theorems 1, 2, 3 and 4 are proved in Sections 2.1, 2.2, 2.3 and 2.4 respectively. Indeed
the main ideas to prove these results come from Galperin. However, instead of saying that
Galperin’s ideas could be adapted, for the reader’s convenience we wrote complete proofs

down.

LEMMA 1 Let D be a one-dimensional regular operator and x be a right-continuous increasing (ab)-

ladder. Then D'z is also a right-continuous increasing (ab)-ladder.
PROOF: Let p and p’ be two points such that p < p’. Since x is increasing, then
Tptuy S Tpiguy s -+ 5 Tptuy = Tp/ oy -
Hence, from monotonicity of f,
(Dz)p = f(@ptuys- s Tptup) < F(@prgugs - Tprguy,) = (D)

Thus Dz is also increasing.

Notice that
zp,=a forall p<L(x) and z,=0b forall p>R(x).
Therefore, from (1.5),
(Dx), =a forall p<L(z)—ry and (Dz),=0 forall p>R(z)+ry.

Hence Dz is an (ab)-ladder.
Now, let us prove that Dz is right-continuous. Let p be a point in R and j be an element of

{1,2,...,k}. Since x is right-continuous, there is a positive real number €; such that
po+uj <p+uy <potu;+e = x(po+uy) =z(ptuy).
Define e = min{¢; | j € {1,2,...,k} }. Therefore
po <p<po+e= x(po+uj)=x(p+u;) forall je{l,2,... k}. (2.1)
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Thus, from (2.1)

Po <p<po+e=— (Dx)po = f(xpo-‘ruw"' ’xpo-‘ruk) = f(xp-‘ruu"' ’xp-i-uk) = (Dx)p

Since py is arbitrary, Dz is right-continuous. So, it is true for ¢ = 1.
Suppose that D'z is a right-continuous increasing (ab)-ladder for an arbitrary natural ¢ > 1.
Hence, from the case for t = 1, D**lz = D(D'z) is also a right-continuous increasing (ab)-
ladder. Thus it is true for ¢ + 1.

Lemma 1 is proved.
From Lemma 1, one might say that the set of right-continuous (ab)-ladders is nvariant, or
stable, under the one-dimensional regular operator D. We may call Lemma 1 the Invariance’s

Lemma.

LEMMA 2 Let x be an (ab)-ladder. Then L(x) < R(z).

PROOF: Suppose that x is increasing. At first, let us prove the following assertion:
Let p’ be an element of {p € R|z, = b} and p be an element of {p € R|z, = a}. Then
p<yp.
Indeed, suppose that p > p’. Since z is increasing, then a = x5 > z,; = b. It is a contradiction.
Thus the assertion is proved.
Therefore

sup{p e R|zp, =a} <p' forall p'e{peR|z,=0}.

Hence

sup{peR|z, =a} <inf{peR|z, =0b}.

The proof for a decreasing ladder is similar.

Lemma 2 is proved.

LEMMA 3 Let x and ' be increasing (ab)-ladders such that x < x'. Then
L(x') < L(x) and R(z') < R(z).

PROOF: Let p be an arbitrary element of {p € R|x), = a}. If + < 2/, then 2}, > z;. Hence

/
P
Tp = Q.

So, we have just proved that

{peR|z,=a}C{peR|z,=0a},
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whence

sup{p € R|z, =a} <sup{peR|z, =a}.

The proof for R(z") < R(x) is similar.

Lemma 3 is proved.

LEMMA 4 Let x be an (ab)-ladder. Then
L((SN)'x) = L(x) +tq and R((S))'z)=R(z)+tq forall t€Z,.
PROOF: By definition
L£(8%z) =sup{p € R|(5%)p, =a} =sup{p e R|zp_g =a}
Let us define p’ = p — q. Then
L(S92) =sup{p'+q€R|zy =a} =q+sup{p € R|zy =a}=q+ L(x).

So, it is true for t = 1.

Suppose that it is true for an arbitrary natural ¢ > 1. Hence, from the case where t = 1,
L(SU((S9)'z)) = q + L((ST)"2).
At last, from the inductive hypothesis
LS x) =g+ L(z) +tg= L(z) + (t + 1)q.

Thus it is true for ¢ + 1.
Lemma 4 15 proved.

Notice that Lemma 4 is a particular case of Theorem 2.
Galperin (1975) contains the following lemma:

LEMMA If {A;} ez, is a sequence of real numbers satisfying one of these two conditions:

> At+T < At + Aberdllt,T S Z+.

> At+T > At + Aberdllt,T € Z+.

Then the limit lim,_, o, Ay /t exists.
PROOF OF THEOREM 1: Let ¢ be an arbitrary element of Z,. From Lemma 1, D%jyy is a

right-continuous (02)-ladder. Therefore
SR(DY02) o0 < Dy < §FP"02) gy (2.2)
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Let 7 be an element of Z . Since D is shift-invariant and monotonic,
, ‘s
S:R(Dtjoz) o DTjOQ < Dt+7—j02 < SL(D Jo2) o DTjOQ .

From (2.2),
SFPTIR) oo < DTy < §EPTI2) o,
From (2.4) and monotonicity

SR(DtJOQ) o SR(DTJ'OQ)j02 =< SR(DtjM) 0 D7 joz

and

§4(D%02) o D7, < §E(DY02) o GE(Ddo2) 50,
From (2.3), (2.5) and (2.6)
SR(DYjo2) +R(DTjo2) o ¢ DEHT oo < §LDVdoa+£(D7jo2) oo
From Lemma 3,
R(ng(DtjmHfR(DTjOQ)joz) > R(D™7 joz)

and

L(D™jgg) > L(SEP 02 +(DT02) g
From Lemma 4 and (2.7)
R(D"jo2) < R(D'joz) + R(Djoz) forall t,7e€Zy
and from Lemma 4 and (2.8)
L(D'"jos) > L(D'jo2) + L(D"jos)  forall t.7€Z,.

The existence of Loz and Rgs follows from the previous Lemma.
The proof for Lyg and Ry is similar.
Theorem 1 is proved.

Notice, from Lemma 2, that

Loz < Ry and Lgy < Ry .

In some special cases we may have Loy = Rgs or Loy = Rag. For instance, a shift operator S¢

has Lgs = Rp2 = q. Indeed, from Lemma 4

L((S9)'x)  L(z)+1q R((S9)'z) _ R(z)

= and = t+ tq forall teZ,.

t t t
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Thus
L£((S9)"jo2) R((S9)"joz)

lim —————* =¢ = lim —————~—~~.
t— 00 t t—o0 t

Moreover, from Lemma 13, Lgs = Rgo whenever Vy; > Vis.

LEMMA § Let D be a one-dimensional regular operator. Define D = S9 o D. Then
Lo2(D) = q+ Loa(D) and Roz(D) = q+ Rea(D) .

PROOF: From shift-invariance

[)t — (Sq)t o Dt
and from Lemma 4
L(D'joz) = £((89) 0 Dtjge) = L(Djgg) + tq.

Thus
-
lim 7L(D Jo2)
t—00 t

The proof that Ry (D) = q + Rgz(D) is similar.

Lemma s is proved.

Lemma 5 is not employed in that Chapter 2, but it will be useful in Chapter 3.

2
LEMMA 6 Let x be a right-continuous (02)-ladder with 1(x) > 2ry. Then
L(Dx) = L(x)+ Vo1 and R(Dzx)=R(z)+ Via.
Moreover, |(Dz) = l(x) + (V12 — Vi1).

PROOF: Notice that

z, = (8*@joy), forall p< L(z)+2ry

and

z, = (S%@j,), forall p>R(zx)—2ry.

See Figure 2.3.

Hence, since D is defined by (1.4),
(Dx), = (DS*@jg), forall p< L(z)+ry
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and

(Dz), = (DS*@jy,), forall p>R(z)—ry.
Moreover

(Dz), =1 forall L(z)+ry<p<R(z)—ry.
Therefore,

L(Dz) = sup{p € R|(Dz), =0} = sup{p € (-0, L(z) +rv) | (Dz), =0}
= sup{p € (—o0,L(x) +ru) [ (DS jor), = 0}
=sup{p € R|(DS*“jo1), =0} = £L(S*“ Djoy).
From Lemma 4
L(S*%) Djjor) = L(x) + £(Djor) = L(x) + L(S*jor) = L(x) + Vou -

Similarly, we can prove that R(Dzx) = R(z) + Via.
Thus
I(Dz) = R(Dx) — L(Dz) = l(x) + (V12 — V1) .

Lemma 6 is proved.
LEMMA 7 Let x be a right-continuous (02)-ladder with 1(x) > 2ry. If Vo1 < Vi, then
L(D'z) = L(x) +tVo1 and R(D'z) = R(z)+tVie forall t€Z, .

PROOF: From Lemma 6, it is true for ¢t = 1.

Suppose that it is true for an arbitrary natural ¢t > 1, i.e.,
L(D'z) = L(x) +tVoy and R(D'z) = R(z) +tVia. (2.9)

Hence

l(Dt.’L’) = R(x) — L(x) + t(Vlz — ‘/01) > 2ry .

From Lemma 1, D'z is a right-continuous (02)-ladder. Then, from Lemma 6,
L(D(D'z)) = L(D'z) + Vo . (2.10)
Hence, from (2.9) and (2.10),
L(D™x) = L(x) + (t+ 1)V .
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24 °

° + o

: v
S £ jos (v)

Figure 2.3: Configurations z, SE) j01 and SR .

Similarly, one can prove that R(D!™1x) = R(x) + (¢ + 1)Vi2. So it is true for ¢ + 1.

Lemma 7 is proved.

Let us remember a classical result of real analysis known as Sandwich Theorem or
SQUEEZE THEOREM Let {ai}icz. , {bi}icz, and {ci}icz., be sequences of real numbers. Suppose
that

Ji = i b=

and ay < ¢y < by forallt € Z.. Then

lim ¢, =1.
t—o00

LEMMA 8 Let D be a one-dimensional regular operator for which Vo1 < Via. Then
LOQ = V01 cll’ld ROQ = V12 .

PROOF: Let z be a right-continuous (02)-ladder with I(x) > 2ry. There are ¢,¢" € R for
which

S9x < joo < ST .
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From monotonicity and shift-invariance
S1D'x < Dtjo, < S7 Dta.

From Lemma 3

R(SIDz) > R(D'jos) > R(SY Dtz),

from Lemma 4

q+R(D'z) > R(D'jp) > ¢’ + R(D'x)

and from Lemma 6

q+ R(.%') + tVlg > R(Dtjog) > q/ + R(Z‘) + tVlg

; > ; " forall teZ,.

Thus, from the Squeeze Theorem, Rps = V5.
Similarly, we can prove that Loy = Vp1.

Lemma 8 is proved.

Notice that Lemma 8 gave us an alternative proof for the existence of Lgs and Ry in the case
where V1 < Vio.

Let us denote the set of all right-continuous (02)-ladders by X. Two right-continuous
(02)-ladders = and 2’ are regarded as equivalent, and written x ~ 2/, if there is ¢ € R such
that 2/ = S%. Notice that right-continuous (02)-ladders = and 2’ are equivalent if and only
if [(z) = I(2).

We denote by [z] the equivalence class of the right-continuous (02)-ladder z, i.e.,
[z] = {2’ € X|I(2") = l(x) }.
The set of all those equivalence classes is denoted by Y, i.e.,
Y={[z]lzre X}

Notice that the map p: Y x Y — R, given by

defines a metric. Indeed,
> [z] = [2] & l(z) = U(a') < [l(z) — I(z)] = p([z], [2"]) = 0.
> p([a], [2']) = [l(z) — U(z")] = |I(z") = Uz)| = p([="], []).

> p(lal, [27]) = |i(z) = [(=")] < [Ui(x) = 1(@)] + |i(2") = U2")] = p([a], [2]) + p([2"] [2"]).
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LEMMA 9 The map ) : Y — Ry given by ¢([x]) = l(x) s continuous and bijective.

PROOF: The map v is continuous and bijective by construction.
Lemma 9 is proved.
From lemma 1 ( Invariance’s Lemma ) x € X implies Dz € X. Therefore, D induces the

map D : Y — Y given by D[z] = [Dz] as presented in the following commutative diagram:
X 25 X

o g

y 2o v
LEMMA 10 Let x and x' be elements of X. Define

w=inf{weR|SYzs <2} and w=sup{weR|z' <S%z}.

Then
p([z], [2']) =0 —w.
PROOF: At first, suppose that I(x) < I(z). Notice that in such case w and w are such that

L(S%z) = L(2') and R(S"z) =R(2').

as presented in Figure 2.4.
From Lemma 4

w=L(z)— L(z) and W=R(')—R(x).
Therefore
W—w=R() - R(x) - L) + L(x) = 1(2)) — (x) = [I(z) — 1(2)].
Now, suppose that I(z) > I(2/). Then
R(S¥z) = R(z') and L(S7z) = L(2).

From Lemma 4

w=R()—R(z) and w=L(z") - L(x).

Thus
T w = 1(x) - 1(s) = i(z) — ")

Lemma 10 15 proved.

29



Lufs HENRIQUE DE SANTANA

' (v)

2T L4

. , 5

: “x(v) :

e z

o f
. : v

Sz (v)

.

14 —0

Figure 2.4: Configurations ', S%x and S™z.

LEMMA 11 The map D : Y — Y satisfies
p(Dla], Dla')) < p([a]. [2']) forall [a],[2'| €Y.
In particular, D is continuous.
PROOF: Let 2’ be an element of [2/]. There is z € [z] such that
golal ey < o <
Since D is monotonic and shift-invariant,
5P Dy < D2’ < Da
Ifw=inf{weR|S*Dx < Dz’ } and w = sup{w € R|Da’ < S* Dz }, then
5P Dy < SPDax < Da’ < S“Dx < Dz .

From Lemma 3

w < p([z],[2']) and w >0.
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Thus, from Lemma 10,

p([Dz], [Dx']) =W — w < p([z], [2']) .
Lemma 11 is proved.
LEMMA 12 Let x be a (02)-ladder with |(x) < 2ry. Then
I(Dz) < 4ry .
PROOF: Let z be a (02)-ladder with I(z) < 2ry. Since D is defined by (1.4),

(Dz),=0 forall p<L(x)—ry

and
(Dz), =2 forall p>R(z)+ry.
Therefore
L(Dz) =sup{veR|(Dx),=0}> L(x) —ry
and
R(Dz) =inf{v e R|(Dx), =2} < R(z) +ru.
Thus

R(Dz) — L(Dx) < R(x) +ry — L(z) +ry =U(z) + 2ry < dry.

Lemma 12 is proved.

Let us recall a simple and useful Fixed Point Theorem, namely,
FIXED POINT THEOREM Let ¢ : [a,b] — [a, b] be a continuous map. Then there exists ¢ € |a, b] such
that ¢(c) = c.

LEMMA 13 Let D be a one-dimensional regular operator. If Vin > Vi, then there are v* € X and
Voz € R for which

Dz* = §Vozg*,
Moreover, |(z*) < 2ry.
PROOF: From Lemma 9, Lemma 11, Lemma 6 and Lemma 12, the map
p=1oDoyyt:0,4ry] = [0,4ry]
1s continuous.
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From the Fixed Point Theorem, there is ¢ € [0,4ry] such that ¢(c) = ¢. Hence Dy—1(c) =

Y~1(c), te., if * € X and I(z*) = ¢, then there is Vo2 € R such that Da* = SVoz2z*,

Suppose that [(z*) > 2ry. Then, from Lemma 6,
I(Da*) =1(z") + (Viz — Vou) -

Since V1 > Via, then
I(Dz*) < l(z*).

It is a contradiction.

Lemma 13 is proved.
LEMMA 14 If Vi1 > Vg, then there are x* € X and Vs € R for which
L(D'x*) = L(x*) +tVoa and R(D'z*) = R(x*) +tVoa forall teZ.

and Vya = Loz = Rpa.

PROOF: From Lemma 13, there are 2* € X and Vi» € R for which Dz* = SY02z*. Then,

from Lemma 4,
L(D'z*) = L(x*) +tVpa and R(D'z*) = R(z*) +tVpy forall teZ,.

So, let us show that Vo = Lga = Ryp.
There are ¢,¢ € R such that
S < joa < S ¥
Therefore from monotonicity, shift-invariance, Lemma 4 and Lemma 3

g+ L(z*) 4+ tVoe S L(D%joo) S q + L(x*) + tVoe
t - t - t

forall teZ,.

So, from the Squeeze Theorem, Loz = Vo.
Similarly, one can prove that Rgo = Vps.
Lemma 14 15 proved.

Notice that Lemma 14 completes an alternative proof for the existence of Loz and Rys.

PROOF OF THEOREM 2: Once we have defined the (01)-velocity and the (12)-velocity, our

study can be partitioned in two cases, namely, Vp; < Vi5 and Vp; > Via.
If Vo1 < Vi, then result follows from Lemma 7 and Lemma 8.

If Vo1 > Vi, then the result follows from Lemma 14.

The proof for the left-continuous case is similar.

Theorem 2 is proved.
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LEMMA 15 Let D be a one-dimensional regular operator. Then
Vizg < Roa.

PROOF: If V; < Vio, then Rgs = Vis. So, suppose that Vy; > Vio.

From Lemma 13, there is z* € X with R(z*) = 0 and V2 € R such that Dz* = SVo2x*,
Notice that z* < jis.

From monotonicity

Dz* < Djlg s

whence

SV02$* < SV12j12 .

From Lemma 3,

R(SVo22*) > R(8V12515) ,

whence

Roo = Voo > Vi

Lemma 15 is proved.

Lemma 15 is employed in Lemma 27.

3

PROOF OF THEOREM 3: From Lemma 13, there exist 2* € X with R(z*) = 0 and Vo2 € R

such that Dz* = SY022*, Therefore
SUE) 0% < oy < @
From monotonicity and shift-invariance
S Dty* < DYjoy < D'a* forall teZ, .
Hence from Lemma 4 and Lemma 3
—l(x*) + tVpy = L(D'z*) < L(D%ps) < R(D'joo) < I(z*) + R(D'z*) = I(z*) + tVos .
Since I(z*) < 2ry,
—2ry + tVoo < L(Dgo) < R(D'joo) < 2ry + Voo forall teZ, .

Theorem 3 is proved.
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4

LEMMA 16 If Loy > Roo, then D is a non-2-degrader.

PROOF: From Theorem 2, there exist a right-continuous (02)-ladder x and a left-continuous

(20)-ladder 2’ such that
R(D'z) =tRpy and L(D'a') =2ry +thyy forall teZ,.
Consider the island & given by

2 if 0<p<2ry,
Tp=91 if —Il(z)<p<0 or 2ry<p<2ry+I),
0 otherwise.
Let us prove the following statements:
> (D'z), = (D'%), for all p € (—o0, L(D'z")],
> (D), = (D'z), for all p € [R(D'x),0),
> (D'), =2 for all p € [R(D'z), L(D'2')| for all t € Z

Indeed, they are true for ¢ = 0. See Figure 2.5.

Suppose that they are true for an arbitrary ¢ > 0. So, from the inductive hypothesis,
(D'z), = (D'2), forall pe (—oo0,L(D'’)]

and
(D'a’), = (D'#), forall pe[R(D'z),00).
Therefore, from (1.4),
(D'*'z), = (D'"1%), forall pe (—oo,L(D') —ry]
and
(D'*'z"), = (D'*'%), forall pe[R(D'z)+ry,00).

Let us prove that (D'™'z), = (D**'3), for all p € (L(D'z’) — ry, L(D1a’)].
From (2.11)

L(D'z') — R(D'z) = 2ry + t(Lag — Ro2) -
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Therefore

L(D'z') — R(D'z) > 2ry . (2.15)

So, from (2.15)

L(D'z') —ry > R(D'z) + 1y . (2.16)

Notice also that R(D'z) + rpy > R(D' ).
Let p be an arbitrary element of ( £L(D'z’) — ry, L(D*™!2’)]. From (2.16),

p > R(D'z) +ry > R(D™ ).

So, (D''z), = 2.

On other hand, since p < £(D**12/), then (D'*12’), = 2. Hence, from (2.14)
(D', = (D'4), = 2. (2.17)
Therefore, from (2.13) and (2.17)
(D'*'z), = (D'"13), forall pe (—oo,L(D"12)].
Similarly, one can prove that
(D'*'z"), = (D'*'2), forall pe[R(D''z),0).

Thus
(D'*'3), =2 forall pe[R(D"'z), L(Da')].

So they are true for ¢ + 1. The statements are proved.
Hence, island 7 is not 2-degraded by D.

Lemma 16 is proved.

LEMMA 17 If Ro2 > Lo, then D is a linear 2-degrader.

PROOF: Consider the island dgi defined in (1.7). From Theorem 2, there exist a right-

continuous (02)-ladder  and a left-continuous (20)-ladder 2’ for which
R(D'z) = —R+tRyps and L(D'z')=R+tLy forall teZ,. (2.18)

Notice, see Figure 2.6, that z = dg and 2’ = dg.
At first, let us prove the following assertion:

If there is 7 € Z . for which R(D7x) > L(D7z'), then max(D"dg) < 2.

35



Lufs HENRIQUE DE SANTANA

(v)
2@ °
e——0 o—e
° B
: z(v) : :
; .4 -
——0 o
o -
: : . v
a’(v) S
: .
o

Figure 2.5: Configurations &, x and x'.

Indeed, suppose for absurd that there is p € R such that (D7dg), = 2. Since > dp and

x’ = dg, then from monotonicity
D'z = D7dy and D7z’ > D7dg.

Hence the non-empty set { p € R|(D7dg), = 2} is a subset of { p € R|(D7z), = 2} and also
asubset of { p € R|(D72’), = 2}. Therefore

inf{p e R|(D"dgr)p, =2} >inf{p e R|(D"x), =2} = R(D"x) (2.19)

and

L(D7z") =sup{p e R| (D7), =2} >sup{p € R|(D7dr), = 2}. (2.20)
Since R(D7x) > L(D7z'), then from (2.21) and (2.20)
inf{p € R|(D"dp), = 2} > sup{p € R| (D"d), = 2} .

It is a contradiction. Thus the assertion is proved.

From (2.18)

R(D'z) — L(D'2') = —2R + t(Ro2 — Lay) forall teZ, . (2.21)
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From division,
2R = to(Roz2 — L2o) + 10
where tg € Zy and 0 < ry < (Rg2 — Log). Hence
0> —rg=—2R+to(Ro2 — Lag) > —(Ro2 — Lag)- (2.22)
Therefore, from (2.22) and (2.21),
—ro + (Rog — Log) = —2R + (to + 1)(Roz — Log) = R(D¥Tlz) — L(DPH2’) > 0.

Thus max(D¥*dg) < 2.

Notice that
2R To 2R

to+1= - +1< ———+1.
’ Ro2 — Lao Roo — Lo Ros — Lag
Hence
TQD(dR) < (Ro2 — L20)712R +1.
Lemma 17 15 proved.
z(v)
’ 2 . .
' (v) : :
: .
1+ O— .:
v v
dr(v)
® 2 o
1Ak
O o -

Figure 2.6: Configurations x, ©' and dp.
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PROOF OF THEOREM 4: It is a direct consequence of Lemma 16 and Lemma 17.

Theorem 4 is proved.
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CHAPTER 3

Having made some discovery, however modest,
we should not fail to inquire whether there is
something more behind it, we should not miss
the possibilities opened up by the new result, we
should try to use again the procedure used. Ex-

plott your success!

— George Polya

us call by direction any vector § in R? such that ||6]] = 1, where || || denotes the usual

norm. Given a direction 6, a R?-configuration y : R* — M is called a d-configuration if
Vo, w € R? : (v,6) = (w,8) = Yy = Y-

where ( , ) is the usual inner product.
From any é-configuration y : IR> — M one can define a R-configuration ° : R — M

given by
v’ (p) =y(p-0) forall peR, (3.1)

where the symbol - denotes the multiplication by scalar’. For instance, the configuration

'The multiplication by scalar - : R x R? — R? is given by p - (v1, v2) = (pv1, pv2).
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7 :R? — M given by

0 if (v,(v2/2,v2/2)) < —1,
Ty =91 if —1<(v,(vV2/2,V2/2)) < 1,
2 otherwise,
isa (v2/2,/2/2)-configuration. See Figure 3.1. Configuration #(V2/2:¥2/2) . R — M is given
by
0 if p<-—1,
FVEEVRR ) =8y i _1<p<t,

2 otherwise.

v .
."...1)1
(i(ﬁ/Z,ﬁ/Z))p
it
&———0

p

Figure 3.1: (v/2/2, \/2/2)-configuration & and configuration &(V2/2:V2/2),

Let us define

U° = {ud = (u;,8) |u; € U }.

Notice that U? often has less elements than U. Let us denote the cardinality of U° by ks
(1 < ks < k). For instance, consider the neighboorhood U = {(0,1),(0,0), (0,—1),(1,0)}.
Then UOD = {1,0,-1}, UL = {0,1} and UV2Z/2V2/2) = {,/2/2,0, —/2/2}.
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The transition map f° : M*s — M is defined by
foa, ... a;) = fbr,... . by)
where b; = a; whenever (u;, ) = uf-. Notice that f? is monotonic and
f°(a,...,a)=a forall ac M.

For example, consider the neighboorhood U = {(0,1), (0,0), (0,—1), (1,0) } and the transition
map f : M* — M given by
1 if b=2,a<1,d=0,
fla,bye,d) =40 if b=1,¢=0,d=0,
b otherwise.
Thus £ : M3 — M is given by f(®V(a,b,¢) = b, 10 : M? — M is given by f(19)(a,d) =
aand f(V2/2V2/2) . Nr3 5 D s given by
1 if a=0,0=2,
FOV2V22 (0 b,0) =80 if b=1,a=0,c=0,
b otherwise.

For all direction 6 one can define a regular operator D° : MR — MR by
(D°x), = f‘s(azwu?, . ’xpﬂtia) forall pelR.

For instance, if we consider the shift operator 5% : MR — MR’ then (5¥)% = §{w:o) .
M® — MR, Indeed, the shift operator S* has transition map f : M — M given by f(a) = a
and neighborhood U = {—w}. Hence f° : M — M is given by f°(a) = aand U® = {—(w, §)}.
Thus ((5*)°x)p = f*(Tp—(w.s) = Tp—(w.5) = S0z

From Theorem 1, there are

lim M = LOQ(DS) s lim M = ROQ(DS) )
t—00 t—o0 t
5\t D%t
Lim M = LQO(D‘S) and lim M = RQO(DS)
00 t t—00 t

which are the left (02)-velocity, right (02)-velocity, left (20)-velocity, and right (20)-velocity of

D? respectively. Furthermore, from Lemma 1,
. Sy . . sy .
D’jo; = SV (P75 and  Djip = SV2P 5,
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where V1 (D?) and Vi2(D?)denotes the (01)-velocity and the (12)-velocity of D? respectively.

For each direction 4, let us denote the following closed half-space by
HP = {v € R*|(6,v) > Rpa(D?)}.

Any HP is a non-empty closed and convex set. At last, we define also a closed and convex

subset of IR? by

UD:ﬂH(;D.
é

Chapter 3 has just one Theorem, namely,

THEOREM § If op = 0, then

> either there is a direction § for which HP N HPs = ()

> or there are three directions 01, 62, 33 for which H, £ NH £ NH £ =0
and in both cases the two-dimensional regular operator D is a linear 2-degrader.

Theorem 5 shows that op = () is a sufficient condition to be linear 2-degrader. Is it also
necessary? The author guesses it is, but he can not prove it yet. Nevertheless, the results
presented in Chapter 4 enhance his belief that D is not a linear 2-degrader whenever op # (.

In section 3.1 some preliminary results are proved. Theorems 5 is proved in Section 3.2.

LEMMA 18 Let D be a regular operator and w be a point in R". Define the regular operator D =
S¥ o D. Then
™ (y) =7 (y) forall yeM®.

PROOF: At first, let us prove that
max(Dty) = max(Dty) forall teZ.,. (3.2)

By definition
maz(Dy) = max{ (Dy),|v e R" }.

Define v' = v + w, then
max{ (Dy)y—w | v € R"} = max{ (S¥Dy), [v' € R" } = maz(Dy).
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LINEAR 2-DEGRADER SUFFICIENT CONDITION IN R?

So it is true for t = 1.

Suppose that it is true for ¢ > 1. Therefore from the inductive hypothesis
mazx(D'(Dy)) = maz(D*(Dy)).

From the shift-invariance

max(D(D'x)) = maz(D(D'z)),
whence from the case t =1
max(D (D)) = maz(D(D'x)).

So it is true for ¢t + 1.

Let y be an R"-configuration. If 7 (y) = oo, then by definition max(D'y) = 2 for allt € Z .

From (3.2), maz(D'y) = max(D'y) = 2 for all t € Z.. Hence 7’ = co. On other hand, if y

is 2-degraded by D,
P (y) = min{t € Z, | maz(D'y) < 2} = min{t € Z, |maz(D'y) < 2} = L (y).
Lemma 18 is proved.

LEMMA 19 If y is a 6-configuration, then D'y is also a 5-configuration for allt € Z..
8 8

PROOF: Suppose that y is a d-configuration. Let us prove that Dy is also a §-configuration.

Let v and w be two points of R? such that (v,d) = (w,d). Then
(v+u;,0) = (w+u;,0) forall ie{l,... ,k}. (3.3)
Since y is a d-configuration and from (3.3)
Yotu; = Ywtu; forall ie{l,... k}. (3.4)

From (1.4) and (3.4),
(Dy)v = f(yw+u17 cee 7yw+uk) = (Dy)w-

Thus it is true for ¢t = 1.
Suppose that it is true for an arbitrary natural ¢ > 1, i.e., D'y is a d-configuration. Hence,

from the case fort =1,
(D" 1y), = (D(D'y))y = (D(D'Y))w = (D) -

Thus it is true for ¢ + 1.

Lemma 19 is proved.
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LEMMA 20 Let y be a d-configuration. Then
(Dty)v = ((Dé)tyé)@,& for all v e ]Rz, teZ,.
Moreover, 7P (y) = 7'2D§ (y°).

PROOF: Let {J, 61} be an orthonormal basis of IR? and y be a §-configuration. By definition

of the regular operator D,

(DY) = f(Yotuys- -+ Yoiu,) forall veR2.
Any point v € R? can be written as
v=(v,0)0 + (v,6+)5+,

then
(Dy)v = f(y<v+u1,5)6+<v+u1,6i)5i7 cee 7y<v+un,6)5+(v+uk,5i)6i)-

Since y is d-configuration
(DY)o = F(Y(0,6)54 (u1,5)65 - - + > Y(0,8) 6+ (up,8)5) - (3-5)
From the definition of U? and f? and from (3.5)
(D)o = £ (U((0,6)1ut)sr - - VY ((w.6)+uf,)6) (3.6)
and from definition of 3%, (3.1),
(D)o = F W5y 1udy Wy g ) = (O ) ws) -

So it is true for t = 1.
Suppose that it is true for an arbitrary ¢ > 1. From Lemma 19, D'y is a d-configuration.

Hence from (3.6)

(D" y)y = (D(D'))o = 2 (DY) (0.6 1ut)sr -+ (Dty)((v,(;}—&-ui&)é)'

From the inductive hypothesis

(Dty)((v,5)+u§.)6 = ((D6)ty5)<u,5>+u§ forall je{l,... ,ks}.

Therefore
(D )y = F2(((D)'Y°) 10,6y 4t -+ ((Dé)tyé)(v,5)+ui6) = (D)) (0.6
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Thus it is proved for ¢ + 1.
Let y be an §-configuration. Since (D'y), = ((D°)'y°)(y.5) for allv € R? and t € Z,, then
maz(Dy) = maz((D%)'y?).
If 7P (y) = oo, then by definition max(D'y) = 2 for all t € Z . Hence
maz(Dty) = maz((D°)'y°) =2 forall teZ,.

Thus 7'21)5 = 00. On other hand, if y is 2-degraded by D,

72 (y) = min{t € Z | maz(D'y) < 2} = min{t € Z. | maz((D°)'y%) < 2} = 2’ ().

Lemma 20 is proved.
LEMMA 21 Let D be a regular operator and 6 be an arbitrary direction. Then

Ro2(D7%) = —Loo(D°).
PROOF: At first, let us prove that
(D™%)'joz2)p = ((D°)'jao)—p forall peR. (3.7)
Notice that it is true for ¢t = 0, i.e.,
(Jo2)p = (j20)—p forall peR.

Suppose that it is true for an arbitrary ¢ > 0. Let p be an arbitrary element of R. By definition
(1.4)
(D) jo2)p = F (D7) 02) gy ss- - ((Di(s)tjoz)pﬂ,;jé) :

Notice that

ks =k_s, ud = *u;(s forall je{1,2,...,ks}. (3.8)

and
=7 (3.9)

From the inductive hypothesis

((Dié)thQ)p+u;6 = ((Dé)tjm)fp—u;‘s forall je{1,2,...,k_s}. (3.10)

Therefore from (3.8), (3.9) and (3.10)
(D™)"*jo2)p = (D) 520) —perats -+ - ((Dé)thO)prruié) = ((D°)"*j20)—p -
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Thus it is true for ¢ + 1.

From (3.7),
{—p e R[((D°)j20)p =2} = {p € R[((D™°)"jo2)p =2} (3.11)
Now, by definition

(DY) = — lim 2P 520) _ o —E(D) )

t—00 t t—00 t

—sup{p € R[((D°)"jan)p = 2}

= lim
t—o0 t

= lim inf{ —p € R| ((Da)thO)p =2}
t—00 t

From (3.11)

o 2 € RI((D) i), = 2)

T {500 t t—o00

—Loo(D°)

Lemma 21 is proved.
LEMMA 22 Let D be a regular operator and w be a point in R?. Define D = S* o D. Then
Ry2(D°) = (w,3) + Roa(D°) .
PROOF: At first, let us prove that
PP — §w) o pb
The operator D : M®* — M®® s given by
(Dy)y = (S 0 Dy)y = (DY)o—w = fYo—wturs - > Yo—w-ruy) -
Notice that the transition map of D is the same of D, namely, f. However, the neightborhooh
of D is

Therefore

Thus

(D°2)p = 2 (Tp_ w5yt - - s Tp—(w,0)+uf ) = (D°2)p—(w,s) = (% 0 D°x),, .

Hence

ROQ(B(S) = R02(5<w’6> o D5) .
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From Lemma §

ROQ(D(S) = (w, (5> + ROQ(D(;) .

Lemma 22 is proved.

5

Let C be a non-empty convex set of R"™. We say that § is a direction of recession of C' if
x4+ X € C forall A\ € Ry and for all z € C. The following result, which can be found at
Rockafellar (1970), will be useful in proving Theorem 5.

HELLY’S THEOREM: Let {C;}icr be a collection of non-empty closed convex sets in R™, where I is
an arbitrary index set. Assume that for every direction 6 there is i € I for which § is not a direction of
recesston of C;. If every subcollection of n + 1 or fewer sets has non-empty intersection, then the entire

collection has a non-empty intersection.

LEMMA 23 Let D be a regular operator and 6 be an arbitrary direction. Then
HPNHP; =0 & Rp(D?) > Lag(D°). (3.12)

PROOF: Suppose that HP N HP; = (). Consider Roa(D?°) - § and notice that (Rg2(D?) - 6,0) =
Ro2(D?). Therefore, by definition of HP, Ry2(D?) -6 € HP.
Since Hg) N HP& =0,

(Ro2(D?) - 6,—6) < Roz2(D™°). (3.13)
From Lemma 21 and (3.13), Roa(D%) > Log(D?).
Conversely, suppose that Rgz(D?) > Log(D%). Let v be an arbitrary element of HP, i.e.,
(v,8) > Rga(D®). So, we have (v,6) > Lag(D°) = —Rgz(D~°) or equivalently (v, —§) <
Ro2(D7%). Thus v ¢ HY;. Hence HP N HP; = .

Lemma 23 is proved.

LEMMA 24 If there is a direction § for which Roz(D?) > Loo(D?), then D is a linear 2-degrader.
PROOF: Consider the disk dr defined in (1.7) and zr : R? — M given by

2 if —R<(vd) <R
zp(v) =
0 otherwise.
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Notice that dg < 2g and 2% : R — M is given by

2 if —R<p<R
0 otherwise.

Since Rgz(D?%) > Lyo(D?), then from Lemma 17
TQD(S(Z%) <ApsR+1.

From Lemma 20,
D _ D% ¢
7y (2r) = T3 (2R).
At last, since dg < zpg,

TQD(dR) S TQD(ZR) S )\D6R+ 1.

Lemma 24 is proved.
One may say that condition HP N HP; = ) resembles Toom’s point of view in the sense
that it concerns an intersection of convex sets. On other hand, Roa(D°) > Lao(D?) is more
like Galperin’s approach since it is given in terms of a generalization of Galperin’s velocities.
Maybe equivalence (3.12) made the author for the first time realize that the set op defined in
Toom (1976) as an intersection of minimal zero-sets should be generalized in terms of closed
semi-planes depending on some kind of velocities a la Galperin. Probably this generalization
step have already been clear for Toom (maybe years) before he gave the author this research

subject.

LEMMA 25 Let D be a regular operator. Assume that HP N HP # O for all &, but there are three

distinct directions 1, 02, 03 _for which
HY NHNH =90.
Then there is w € R? such that the operator D = S* o D has
Roa(D°') = Roa(D®) = Rep(D%®) >0 and HP N HP nHL =9. (3.14)

PROOF: Since Hy) NH} NH{ =0, then (H UH{)UH;))¢ corresponds to an open triangular
region in IR?. See Figure 3.2.
Let us denote by v, the incenter of this region. Let ¢ be an arbitrary element of {1,2,3}. From

Lemma 22 operator D = S~% o D has
Ro2(D%) = Roa (D) = (v, 6) - (3.15)
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LINEAR 2-DEGRADER SUFFICIENT CONDITION IN R?

Since v, is the incenter, then Rgo(D%) — (v., §;) = r where 7 is the radius of the incircle.
Now, let us prove Hf) N H N H}) = 0.

Indeed, suppose for absurd that there is v € R? such that
(v,0;) > Roa(D%) forall ie{1,2,3}.

So, from (3.15),
(v + e, 0;) > Roa(D%) forall i€ {1,2,3}.

It is a contradiction because H N H N H£ = 0.

Lemma 25 is proved.

V2

Ve

U1

Figure 3.2: (Hy U H)) U HJ))*

LEMMA 26 A regular operator D satisfying (3.14) is a linear 2-degrader.

PROOF: Consider the disk dg defined in (1.7). Let i be an arbitrary element of {1,2,3}. Let

z; : R? — M be a §;-configuration given by

zi(v) =
0 otherwise.

Notice that

dR < Z;. (316)
Configuration z%* : R — M is given by
2 if p>—-R
%' (p) =

0 otherwise.
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From Theorem 2, there exists a right-continuous (02)-ladder z; : R — M such that
R((D%)'2;) = —R+ tRp2(D%) forall teZ,. (3.17)

Notice that

20 <2 (3.18)

)

From division, there are ty € Z and ry € R, such that

0 < g < Roa(D%) (3.19)
and
R =tgRo2(D%) + 1. (3.20)
From (3.17)
R((D%)PoH12¥) = —R + (to 4+ 1) Roa (D). (3.21)
From (3.20)
—R + toRoa(D%) = —rq,
whence

—R+ (to + 1)Roa(D%) = —rg + Roa(D%) . (3.22)
So, from (3.21), (3.22) and (3.19)
R((D%)totL2%) = —rg + Roa(D%) > 0. (3.23)

Let us prove that maz(D%*tdg) < 2.
Indeed, suppose for absurd that there is vy € R? such that (D%*'dg),, = 2. From (3.16) and

monotonicity,

Dbotldp < Doty

whence

(DtOJrlZi)vO =2.

From Lemma 20

(D" zi)uy = (D) H20) (g 50y = 2.

Since 20* < z7, then ((D%)%+125) 0 5. = 2.

Since R((D%)to+12%) = —rq + Roa(D%), then
<’UQ, 5z> Z —To + RQQ(_Déi) .
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Let us denote .
ROQ(Dai) .
—7o + Roa(D%)

Therefore

<)\’U0, 5z> 2 ROQ(D(Si) .

Since i is arbitrary,

Ao € HY N Hi, N Hj. .

It is a contradiction, because H£ N H£ N H£ = (). Thus maz(D't'dg) < 2.

From (3.20)

Hence

Lemma 26 is proved.

PROOF OF THEOREM §5: Suppose that op = (). Then, from Helly’s Theorem,

> either there is a direction § such that H? N H?; =

> or there are three directions d1, d, 3 such that Hg N H£ N H(g = 0.

If there is a direction d such that HP N HD; = (), then, from Lemma 23, Ro2(D?) > Lag(D?).
Thus, from Lemma 24, D is a linear 2-degrader.

Suppose that HP N HP; # () for any direction 4. Since there are three directions such that
H£ N H£ N H£ = 0, then, from Lemma 25, there is w € R? such that D = S* o D has
Ro2(D%) = Rya(D?%) = Rya(D%) > 0 and Hg N H£ N H£ = ). Hence, from Lemma 26, D
is a linear 2-degrader. Thus, from Lemma 18, D is also a linear 2-degrader.

Theorem s is proved.
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CHAPTER 4

We have bere a pattern of plausible inference:

A implies B
B true

A more credible

The horizontal line again stands for “therefore” We shall call this pattern
the fundamental inductive pattern or, somewhat shorter, the “inductive
pattern?

This inductive pattern says nothing surprising. On the contrary, it express
a belief which no reasonable person seems to doubt: the vertfication of a
consequence renders a conjecture more credible. With a little attention,
we can observe countless reasoning in everyday life, in the law courts, in

science, etc., which appear to conform to our pattern.

— George Polya

Theorem 4 we have seen that an one-dimensional 2-degrader D is necessarily a linear 2-
degrader. Therefore, it is natural to wonder whether it is also true for a two-dimensional
2-degrader. Actually, it is not. A two-dimensional regular operator can be a 2-degrader and

not be a linear 2-degrader.



NON-LINEAR 2-DEGRADER CONDITIONS IN R?

For example, consider the neighboorhood U = {(0, 1), (0,0), (0, —1), (1,0)} and the tran-
sition map f : M* — M given by
1 if b=2a<1,d=0,
fla,b,e,d)=<S0 if b=1,¢=0,d=0,
b otherwise.

The regular operator D given by

(Dy) = f(yv+(0,1)>yv+(0,0)>yv+(0,71)ayv+(1,0)) forall veR?
is a 2-degrader but it is not a linear 2-degrader one. Indeed, let y be a configuration given by

2 if max{|vi],|va|} <n
Yov =
0 otherwise,
where n € Z,. Then 7 (y) = 2n2. Observe that this transition map is the same presented in
Lima de Menezes & Toom (2006).
Now we are ready to come back to the starting point of this research. Once, Professor
Andrei Toom presented the following conjecture to the author:
TooM’s CONJECTURE Let D be a two-dimensional regular operator. If 0 € op, then there is a

positive real number C such that
P (dg) > CR* forall ReR,.

Actually, at that time, Professor Andrei Toom did not formulate such a precise conjecture. In
fact, Roo(D?%) had not been even defined yet. However, in our current definitions, that was
what he meant. The author bets that the example presented in Lima de Menezes & Toom
(2006) led to Toom’s Conjecture, since it is not a linear 2-degrader and op = {0}.
Anisland cp g : R? — M is called a wedding cake if it is given by
2 if [l <R,
crRr(v) =91 if R<|v| <R,

0 otherwise

where 0 < R < R’. Let A be a non-empty subset of R?. As usual, the number
diam(A) = sup{ ||[v — w|| |[v,w € A}
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V2

R/

U1

Figure 4.1: Wedding cake cr r'.

is called the diameter of A. Right now we do not know how to prove (or disprove) Toom’s
Conjecture. Nevertheless, an easier result which is similar to Toom’s Conjecture is proved

here, namely,

THEOREM 6 Suppose that D is a 2-degrader. If 0 € op and Vy1(D?) < 0 for any direction 5, then

there is a positive real C such that
TQD(CRJ{_H,U) > CR? forall R>ry.

It is a favorable sign for Toom’s Conjecture.
Trying to prove Theorem 6, the author realized that it is plausible to formulate another

Conjecture:

CONJECTURE 1 If 0 € int(op), then there is a positive real R such that
tlim diam{v € R?|(D'dR), = 2} = c0.
—00

Again he only had a favorable sign:

THEOREM 7 Suppose that 0 € int(op) and there is € > 0 such that 0 > —e > Vi1 (D?) for all

direction 0. Then there is R > 0 such that
lim diam{v € R?|(D'cr pior ) =2} = 0.
t—00
Theorems 6 and 7 are proved in Sections 4.1 and 4.2 respectively.
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6
LEMMA 27 Suppose that R > ry, Ro2(D%) < 0and Vi1 (D°) < 0 for all direction 6. Then

CR,Rtry = DCR,R—H‘U )
and R = (R?> —r3)'/2
PROOF: Let § be an arbitrary direction. Notice, from (1.4), that

(DeRr,Rro) s
depends only on points of
Boy[-R-0)={veR?||v+R-§|| <ry}

as represented in Figure 4.2.

Consider the d-configuration y : R? — M presented also in Figure 4.2 and given by

2 if (v,0)>—R,
Yy =
1 otherwise.

Notice, vide Figure 4.2, that
Cr.Riry (V) >y(v) forall ve B, [-R-J].

Therefore, from monotonicity,

(Der,rtre) _fs = (DY) _fog-

Configuration y° : R — M is given by

2 if p>—R,
¥’ (p) =
1 otherwise.

From Lemma 1,
2 if p>—R+Via(D),

S5
(D%, = (SV2(P)y0), =
1 otherwise.

From Lemma 15, V15(D?°) < Rpo(D?) < 0. Hence
(D%y°)_p=2.
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From Lemma 20,
(Dy)_ps= (DY) _p=2. (4.2)
From (4.1) and (4.2)
(Der,Ryry) s = 2

Hence, from monotonicity,
(Dcp Rtry)ps =2  forall  pe[-R,0].
Since 0 is arbitrary, then
(Dcr,rtry)v =2  forall  ve Bg0]. (4.3)

Let us denote

R=((R+ry)*—rp)/2.
Notice, from (1.4), that
(Der,Rtry)_pos
depends only on points of

Byy[-R-6]={veR*||vo+R-6| <rv}

as represented in Figure 4.3.

Consider the d-configuration ¢ : R? — M given by

1 if (v,6) > —R,
0 otherwise.

Notice, vide Figure 4.3, that
CR.Rir (V) > G(v)  forall we B, [-R-].
Therefore, from monotonicity,
(Der,rare) s = (DY) s - (4.4)

Configuration 7 : R — M is given by

1 if p>-R,
9’ (p) =
0 otherwise,
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1 if p>—R+Vy(D?)

A~ 5 A
(D6y5)p = (SVOI(D )yé)p =

Since Vp1(D?) < 0,

From Lemma 20

Thus, from (4.4) and (4.5)

Hence, from monotonicity,

Since 0 is arbitrary, then

0 otherwise.

(Der,Riry) _pg > 1-

(DcrRiry)ps > 1 forall pe[-R,—R).

(Dcr,rtry)v =1 forall wve Bi[0]N(Bj

[0D)°.

(4.6)

Notice that R > R + ry. Indeed, R > R+ 1y < R?2 > (R+ )2 & (R+rp)? — 1 >

R2+2R7“U —H“?J < R242Rry —H“QU—?% > R2+2RrU —H“?J < R242Rry > RQ—TQU-FQR?“U —i—r(zj
& R?2 4+ 2Rry > R®+2Rry < R > R.

From (4.3) and (4.6) and since R > R + ry,

Lemma 27 is proved.

V2

CR,R+7“U =< DCR,RJrTU .

V2

U1

Figure 4.2: Wedding cake cp pyr,, and 5-configuration y.
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V2

V2

R+7 \ R+T

V1 V1

Figure 4.3: Wedding cake cg pr, and d-configuration j.

LEMMA 28 Let 7o be an element of [0,7%). Suppose that Ros(D°) < 0 and Vo1 (D°) < 0 for all

direction 5. Then

t
Cré/g,réﬂ—H’U <D C(tr%]+r0)1/2,(tr%]+ro)1/2+ru forall te Z+ .

PROOF: From Lemma 27,

C(T0)1/27(T0)1/2+TU = DC(T2U+7’0)1/27(T(2]+T0)1/2+TU .
Thus it is true for ¢t = 1.
Suppose that it is true for an arbitrary ¢ > 1. From Lemma 27,
Clt 12 4r0)1/2,(t 12 4r0) /247y = DC((441) 12 4r0)1/2,((41) 12 470) 1/ 2 41y - (4.7)

From monotonicity of D and (4.7),

t t+1
D Cltr2 +4r0) /2, (tr2 +10) /2 4ry D C(t41) 72 +70) 1/ 2,((2+1) 12 41ro) L/ 241y (4.8)

Thus, from (4.8) and the inductive hypothesis,

t t+1
Cré/g,ré/2+ru <D C(tr%]+r0)1/2,(tr%]+ro)1/2+ru <D C((t4+1) 72 410) /2, ((441) 2 410) 1/ 247y -

Thus it is true for ¢ + 1.

Lemma 28 is proved.
PROOF OF THEOREM 6: Let R be a real number such that R > ry. Dividing R? by r7, there
istg € Zy and rg € R, for which

0<ry<rf (4.9)
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and

RQZtOT?J+’I“0.

From Lemma 28

to
CTé/Q,Té/2+TU <D CR,R+ry -

Notice that 75 (c, 1/2 1/2 > 1. Therefore
0 L]

+7“U)
75 (CR,R4ry) = to + TQD(CTé/z’TéMJrTU) >to+1

From (4.10),
RQ

"o
t l=———+1.
T
From (4.9),
"o
1—-—>0.
g
Thus from (4.11), (4.12) and (4.13)
R2
TQI)(CR,R+T'U) > 2
U

Theorem 6 1s proved.

4.2 Proof of Theorem 7

(4.10)

(4.11)

(4.12)

(4.13)

LEMMA 29 Suppose that there is v > 0 such that —r > Roa(D°) and —r > Vi1 (D?) for all direction

d. Let R be a positive real number such that
R— (R —r{)V2 <.

Then
CRRi2ry = DCRR+2ry

where R = r + (R? — r§)'/2.

PROOF: Notice that R > R. Let us denote by R = (R?>~r%)"/? and R’ = ((R+2ry)?—r3)Y/2.

Consider the d-configuration y : R? — M given by

0 otherwise.
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Notice that

(Der,rrarg )ps > (Dy)p.s  forall  pée (—o0,0]. (4.14)

Configuration 3° : R — M is given by

2 if p>-R
Y(p)=41 if ~R<p<-R
0 otherwise.

Notice that [(y?) > 2ry. Hence, from Lemma 6,
2 if p>-R+ Via(D?)
(Dy’)p =141 if — R +Vou(D%) <p < —R+ Via(D?)
0 otherwise.

From Lemma 20

(Dy)p.s = (DY),

whence
(Dy)ps =2 forall pe[-R+Via(D%),0],
and
(Dy)ps =1 forall pe (R + Vo (D), — R+ Via(D)).
From (4.14)
(Dep.piary)ps =2 forall pe[—R+ Via(D),0],
and

(Dep.piary)ps > 1 forall pe[—R + Vy(D%), —R + Via(D?)).

Notice that R — V15(D%) > R+ r = R. Observe also that R’ — V,;(D°%) > R + 2ry.
Since 0 is arbitrary,

CRB+2ry = DCR.R+2r0 -

Lemma 29 is proved.

LEMMA 30 Consider the difference equation

Ry=r+ (R, —r})V?, teZy,

Ro=R,
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where R > 1y and R — (R* —r%) < r. Then

Rt < Rt+1 for all te Z+ (415)
and
lim Ry = c0. (4.16)
t—o0

PROOF: At first, let us prove (4.15). By hypothesis
Roy=R<r+(R*—r})"/?*=R;.

So it is true for t = 0.

Suppose that it is true for an arbitrary ¢ > 0. Now consider g : (ry,00) — R given by
g(z) =r+ (% =)' 2.

Notice that g is increasing. Indeed,

d z
Eg(z) - (22 77‘(2])1/2 >0

From the inductive hypothesis, R; < R;11. Then, since g is increasing,
Rip1=g(Ry) < g(Riy1) = Riqo.

Thus it is true for ¢ + 1.

Now let us show that
Rt+1 — R < Rt+2 — Rt+1 forall te Z+ .

Consider the map 4 : (ry,o0) — R given by

Notice that A is also increasing. Indeed,

d
—h(z i

Az (2) = (22774(2])1/271>0’

Since

R; < Rt+1 forall te Z+,

then, since h is increasing,
h(Rt) = Rt+1 - Rt < Rt+2 - Rt+1 = h(Rt+1) fOI' all t e Z+ .
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Thus
Riy1=(Rpy1—R)+(Re—Ri—1)+ -+ (R —Rp)+ Ry >t(Ri— R)+ R.
Therefore

lim Rt>tli>m t(Ri —R)+ R = 0.

t—o0

Lemma 30 15 proved.

LEMMA 31 Suppose that there is v > 0 such that —r > Vo1 (D?) and —r > Roo(D?) for all direction
d. Then there is R > 0 such that

CR, .Rit2ry < D'Cr Ryor, forall t€Z,,
dnd Rt =7r-+ (R?il — TIQJ)I/Q and RO — R

PROOF: From Lemma 29, it is true for ¢t = 1.

Suppose that it is true for an arbitrary for ¢ > 1. Notice, from (4.15), that
R, — (R —r3)<r,

Then, from Lemma 29

CRt+1,Rt+1+27’U = Dth,Rt—l-QT‘U .

From the inductive hypothesis and monotonicity,

t+1
CRt+1,Rt+1+27’U = DCRt,Rt—‘rQTU = D CR,R—{-QT‘U .

Thus it is true for ¢t + 1.

Lemma 31 is proved.
PROOF OF THEOREM 7: Since 0 € int(op), then there is ¢ > 0 such that 0 > —¢ > Rgy(D?)
for all direction 4.

From Lemma 31, there is R > 0 such that
CR,,Ri+2ry = DtCR,R—l—QrU forall te Z, .

where Ry =7 + (R?_, —r%)'/? and Ry = R. So, Theorem 7 follows from (4.16).

Theorem 7 is proved.
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CHAPTER §

There remains always something to do; with suf-
ficient study and penetration, we could improve
any solution, and, in any case, we can always

improve our understanding of the solution.

— George Polya

familiar with Galperin (1975, 1977) and who has just read Chapter 2 may wonder

why the author did not consider M = {0,1,...,m}. It was because the main purpose

here was to deal with a natural next step after Toom’s and Galperin’s works, namely, the case
n = 2and M = {0,1,2}. Anyone who does mathematical research, even a very unexperi-
enced one like the author, eventually realizes that many technical problems may appear from
generalizations that at first sight seem to be pretty easy. Hence the author could spend so

much time dealing with M = {0,1,...,m} case that he should not work on his main goal.

Although the continuous space case seemed to be a generalization of the discrete case,

Lemma 32 clarifies how it works.

LEMMA 32 Let x : R™ — M be an arbitrary R™-configuration. Consider & : Z" — M such that

z(v) =z(v) forall peZ"



Lufs HENRIQUE DE SANTANA

(1.e., T is the restriction of map x to Z™). Let f be a transition map and U be a neighborhood such that
its elements belong to Z". Consider P : M%" — M?" and D : MR" — MR" defined by f and U

according equations (1.1) and (1.4) respectively. Then
(D'z), = (P'%), forall wveZ" and t€Z,.

PROOF: Indeed it is true for ¢ = 0 by hypothesis.

Suppose that it is true for an arbitrary natural ¢ > 0, i.e.,
(D'z), = (P'#), forall pezZ".
Now, let p be an integer number. By definition

(DtJrlx)p = f((Dtx)p—&-uw cees (Dtx)p-&-uk)-

Since p + uy,...,p + up € Z™, then by the inductive hypothesis

(Dtx)P-‘rm = (Ptf)p-‘rm )t (Dtx)p-i-uk = (Ptf)p-‘ruk )

and hence

(D), = F((D'T)ptars -+ (D)) = F(P'8)ptuss -5 (P'2)piw,) = (P2,

Thus it is true for ¢ + 1.

Lemma 32 is proved.
Thus, once we have a continuous space result, its discrete space version becomes a Corollary.
In particular, from Lemma 32 one can prove the discrete versions of Theorems 6 and 7. How-
ever, the author thinks that the proofs for Theorems 6 and 7 arose more natural to him than
could arise if he tried at first to prove their discrete space versions.

It is another example of a very common situation in mathematics: some questions are

easily answered when we make use of a larger mathematical structure.

In Chapter 2 we have proved, by two distinct ways, the existence of Ry2. However,
Grven a one-dimensional regular operator D, how can we actually compute R2?

Until now we only know that a shift operator S? has
Roz2 = Loz = q.
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Before we answer that question, let us answer an easier question:
How can we compute Vy, ¢

At first, if necessary, reorder U in such way that
U < uUg < -+~ < uUg.

Notice, from Lemma 5, that it is sufficient to solve the case where u; = 0. From Lemma 1,
there is V51 € R such that

Djor = SV oy .

Notice, from (1.4), that

(Djo1)p =0 forall p< —uy.
But how about (Djiy1)—_.,? Well,
(Djo1)—up = F(@ w10 Toriptuns - - s vty 15 Touptuy,) = S(0,0,...,0,1).
If £(0,0,...,0,1) =1, then Vj; = —uy. Otherwise, from (1.4),
(Djo1)p =0 forall p< —up_q.
How about (Djo1) —u,_,?
(DJo1)—up_y = f(T oy 405y Ty g oy T bt 13 Ty g +ug) = J(0,...,0,1,1).

If f(0,...,0,1,1) = 1, then Vj; = —ug_1. Otherwise, etc. Vide the following algorithm:

Algorithm 1 Compute velocity V1.

Require: k, f,U > function f : M¥ — M and U = {0, ua, ..., ux}
iz« (0,0,...,0) > e MF
2: fori < 1,k do
3 zk—i+1)«1

4 if f(z) =1 then

5: Vo1 = —ug—it1
6: return Vj;

7t end if

8: end for

The algorithm for V15 is analogous.

If Vo1 < Vio, then, from Lemma 8,
Lo =Vy1 and  Rpp =Via.
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Thus the problem of computing Ry is solved when V; < Vis.

However, how about the case where Vy; > Vio?

CONJECTURE 2 If Vi1 > Vi, then

ki
UD%5o2) = 3 > tii(s =)
i=1 j=1
where t; j € Z and
koo
YD) BT
i=1 j=1

Once one have proved Conjecture 2, the following conjecture is proved.

CONJECTURE 3 The right (02)-velocity Roy can be computed in a finite number of operations.

Indeed, If Vi1 < Via, then it is done. Otherwise, there is z* given by Lemma 13 such that
Sl(r*)x* < joa < "

From monotonicity
S'@IDe* < Doy < D'a*
Therefore

0 <I(D%ge) < 2l(z*) forall teZ,. (5.1)

From Conjecture 2 and (5.1), the set {I(D%jg2) |t € Z, } is finite. Hence thereisa tg € Z
such that the sequence

(D" jo2), LD joz), 1(D"**joa), ...
is periodic with period T'. Therefore

R R(DP+ T joo) — R(D™ joo)
02 = T :

There are two conjectures yet, namely,

CONJECTURE 4 Let D be a two-dimensional regular operator. If o # (), then there is a positive real
number C such that

mP(dr) > CR* forall ReR,.
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CONJECTURE § Ifint(op) # 0, then there is a positive real R such that
Jim diam{v € R?|(D'dg), = 2} = .
— 00

At first, notice that Conjectures 4 and 5 are similar to Toom’s conjecture and Conjecture 1

respectively. However, one can prove the following results:
LEMMA 33 If op # 0, then there is ¢ € R? such that D = S90 D has 0 € o p

LEMMA 34 Ifint(op) # 0, then there is ¢ € R? such that D = S% 0 D has 0 € int(o ).

Therefore it is sufficient to prove (or disprove) Toom’s conjecture and Conjecture 1. We have
obtained favorable signs for them: Theorem 6 and Theorem 7. In order to prove (or disprove)
these conjectures, the author guesses that it is better to be more acquainted on how Ry (D?),

Vo1(D?) and Vi5(D?) change according to 6. Simulations should be useful for that purpose.
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“[...] materials alone are not enough for construct-
ing a house but we cannot construct a house with-

out collect the necessary materials”

— George Polya
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