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Introduction

Course structure: see the syllabus on
www.cs.bu.edu/"gacs/courses/cs537.



Event space, probability space

FEvent space: a pair (£2,A) where Q is a set. Elements w € 2 are
called outcomes. Further, A is a set of subsets of Q called events.

Deinnpl (GEE  If Q is a countable set then we will always assume

that A = 29, that is every subset of £ is an event.

In general, we assume that A is an aloebra: §,Q are in A and if E,F
are in A then so is E \ F (and then of course EUF and ENF).

Q =R and A is the set of all unions of a finite set
of intervals (closed, open, half-closed).

Remark: normally it is also required that A is closed with respect to
countable union, but we do not need this in the course.



Given an event space (£2,.A) and a function P : A — [0, 1], we call
Pa if P(©2) = 1 and for disjoint events E, F we
have P(EUF) = P(E) + P(F). In this case, the triple

(2,A4,P)

is called a

Examples 1.3

* (s a finite set, A = 2 and and P(E) = |E|/|9)|.

* O =R? (plane). Let A be the smallest algebra containing all
the rectangles. Let f : R2 — R be an integrable function with
f[RZ f()dx = 1. For all elements E € A we defined
P(E) = fE f(x)dx. In this case we say that f(x) is the

of the probability measure P.



Let (£2,.A, P) be a probability space and E, F events. If P(E) > 0 then
P(F | E) =P(ENF)/P(E) is called the of
event F with respect to E.

IfEy,...,E, are disjoint events with | J. E; = Q then we will call the
set {E;,...,E,} a . If {E4,...,E,} is a partition and F is an
event then the following relations will be often used. The last one
is called the

F=(FNE)U---U(FNE,),
P(F)=P(FNE;)+---+P(FNE,),
=P(F | E;)P(E,) + -+ P(F | E;) P(Ey).



IDeinpl(GHEZE Let X be a number that is prime with probability

0.1, pseudo-prime with probability 0.2 and other with probability
0.7. We perform a prime test which is always correct when the
number is prime, gives wrong answer with probability 0.02 if the
number is pseuodprime and with probability 0.01 if the number is
other. What is the probability of wrong answer?

P(wrong)

= P(wrong | prime) P(prime)

+ P(wrong | ps-prime) P(ps-prime)
+ P(wrong | other) P(other)
=0.1-04+0.2-0.02+40.7-0.01.



Independence

Events Aq,...,A, are independent when for every possible
subsequence 1 <i; < --- < i, <n we have

P(A;, NA;, N---NA; ) =P(A; ) P(A;,) - - - P(A; ).

In particular, A, B are independent if P(A N B) = P(A) P(B). If
P(B) > 0 this can be written as

P(A | B) = P(A).
Note that pairwise independence is weaker.

1B.einpl SHESE  Toss an unbiased coin twice, let A say that the first

toss is head, B that the second toss is head and C that both are
heads or both are tails. These three events are only pairwise
independent.



Random variables

For a probability space (2, A, P), a random variable is a function
X : Q — R with the property that each set of the form
{w:X(w)<a}and {w : X(w) > a} is an event. We will write

P{X<a}=P{w:X(w)<a}.
If X is a random variable then the function
Fla)=P{X<a}

is called the distribution function of X.



D) (HEEE  Let A be an event, then we define the random
variable 1, called the of the event A:

1 ifw€eA,
0 otherwise.

Iy(w) = {

So 1, =1 if the event A occurs and O otherwise. Distribution
function: F, =Fj,:

0 ifx<0,
Fy(x){1—PA) ifx<1,
1 otherwise.



If two random variables X, Y are on the same probability space then
they have a : for any nice subset E of the plane R?,
the set

{ow:X(w),Y(w)) €E}
is an event, so we may ask the probability P{(X,Y) € E}.

Deinn) (S8E8 X is my arrival time to class, Y is the last arrival
time of the a student. What is P{X —Y < 10 minutes }?

Let Xi,...,X, be random variables on the same probability space.
We say that they are if for all sequences a,...,a, € R
the events

{w:Xj(w)<a},....{w: X,(w) <a,}

are independent.



We toss a die twice. The outcomes w are
(1,1),(1,2),...,(6,6) with probabilities 1/36 for each. Let X; be
value of the outcome of the first toss, and X, the value of the
second toss. Then X;,X, are independent. On the other hand, X; is
not independent of X; +X,.

Note: if X7, ...,X, are independent and f; are any functions then
f1(X7), ..., f,(X,) are also independent. Also, if X,Y,Z are
independent and f(x), g(y, ) are functions then f(X), g(Y,Z) are
independent.



Binomial random variable

We repeat some experiment n times. Each time it succeeds with
probability p and fails with probability 1 —p. Let X, , be the
random variable counting the number of successes. We have

P{X,,=k}= (Z)pk(l —py.

This is called the binomial random variable.
If we make p = A/n and and n — oo then this converges to
e_ll—k
k!’

which is P{Y, =k} for the so-called "oisson random variable.



Expected value

Suppose that X is a random variable that takes on a discrete set of
values a;,a,, ... with probabilities p;,p,, . ... Then its expected
value is defined as

EX =pP1aq +p2a2 +-.--.

Does not always exist.

Examples 1.9
® LetP{X=1}=p, P{X=0}=1—p. Then EX=p.
® Toss a die a single time: the expected value is

1-(1/6)+---+6-(1/6).

For a probability space Q2 = R? with a density function p(x) and a
random variable X(w) we define EX = fX (w)p(w)dw.



The expected value is additive:
E(aX+BY)=aEX+BEY,
even if X,Y are not independent.

i) [SHEEEY We toss a die twice, and win the sum of the

points if the two tosses are equal. Let X; = 2i if both tosses are
equal to i. Then EX; = (1/36)(2i). Our expected win is

EXi+-+Xg)=EX;+---+EXg=(1/36)-2- (1 +--- +6).



Examples 1.11

@ The binomial variable with parameters n,p has expected value
np, since it is the sum of n variables with expectation p.

® Correspondingly, the Poisson variable with parameter A has
expected value A.

© Consider a fair game of tossing a coin repeatedly and betting
on head each time. Play until you win, doubling your bet in
every step: in step n it is 2".
Expected win is 1.
Expected maximum loss before winning is co.



® The E{X | A} of a random variable X
with respect to some event A is defined using the conditional
probabilities with respect to A. There is a

—derive it from the law of total probability above!
See the example of geometric variable below.

® If Xj,...,X, are independent random variables then the
expected value is also multiplicative:

EX]_ . ‘Xn = EX] s EXn
Example: for independent events A, B,

® Converse: if Ef1(X7)---f,(X,) = Efi(X7) - - Ef,(X,,) for all
functions fy,...,f, then Xj,...,X, is independent.



Markov inequality

An important tool for estimating probabilities with the help of
expectations.

IhZgy=nlPs  Let X be a nonnegative random variable, A > 0,
with EX = u, then

P{X>Au}< %

The proof is simple. Another form of the inequality:
P{X>A}<u/A

GoIETWARIRE I X has finite expected value then its (a1l
probability P{X > A} decreases as O(171).

In other words, if the tail decreases slower, say as A1/2 (“heavy
tail”), then it has no finite expected value



Suppose that some attempt has probability a of succeeding. You
keep repeating the attempts until the first success. The number of
necessary repetitions is a random variable X, with

P{X=n}=a(l—a)" .

Let Y, be the variable that counts which experiment succeeds first,
but starting only from the kth one, so its distribution is defined by

(1 _ a)n+k

P{Yiy>n}=P{X>k+n|X>k}= — o) =

1—a)".

So Y, is also a geometric random variable with the same parameter
a. We call this the , of geometric random
variables.



Let X be a geometric random variable with parameter a.

oo
u=EX=> k-a(l-a)'=1-a+2-a(l—a)+ .
k=1

Let Y7 be the variable introduced above, then by the memoryless
property EY; = EX = u. Let S be the event X < 1, then
E{X|-S}=1+EY; =1+ u. By the law of total expectation
(similar to the law of total probability):

u=PS)E{X|S}+(1—-P(S)E{X|-S}=a+(1—a)(1+w).

Solving the equation gives u = 1/a. So, if the success probability of
each attempt is 1/10, we can expect to succeed on the tenth
attempt (on average).



Sum formula for expectation

Another expression for expected value, useful and easy to check:
Let X be a random variable taking positive integer values. Then

EX=P{X>1}+P{X>2}+P{X>3}+---.

We could have used this also to compute the expectation of the
geometric variable. The corresponding formula for the continuous
case (works also in the discrete case):

EX=J P{X>z}dz.
0



* Ifu=(uy,...,u,) and v=(vq,...,v,) are vectors then their
inner product is u;vy + - - - + u,v,. It is symmetric, bilinear, and
has the property that (u,u) = 0 implies u = 0.

® Random variables over a probability space can be viewed as
vectors: there is an operation of linear combination AX + uY.
Example subspace: those random variables X with EX = 0. We
introduce an :

(X,Y) = EXY.

it is bilinear, and (X,X) > 0 with (X,X) =0iff P{X=0}=1.



Deinn) (SHBEE  Let 14, 15 be the indicator variables of events
A,B.

E]‘A]‘B - P(AOB).

® Ifu=(uy,...,u,) is a vector then its is defined as
lul = v(uw,u) =i+ + ufl)l/2 (Pythagorean Theorem). The
inner product can then be expessed as

(u,v) =u|-|v|]-cosO 1.1

where 0 is the angle between u and v.

® Two vectors u, v are called (perpendicular) if
(u,v) =0.



The cosine of an angle is < 1, so (1.1) implies
((w,v))? < (u,u) (v, v).

This is called the Cauchy-Schwartz inequality. For random
variables, it says:

Theorem 1.15 (Cauchy-Schwartz)

(EXY)? <EX?EY2



For X,Y with EX = u, EY = v we define the
Cov(X,Y)=(X—u,Y—v) =EX —u)(Y — ).

X,Y are if their covariance is 0, in other words if X — u
and Y — » are orthogonal.

® If X,Y are independent then they are uncorrelated. Indeed, let
X =X—u,Y=Y—v». ThenEX'=EY' =0, and X', Y’ are
independent. therefore E(X'Y’) =EX'EY’ =0.

® The converse does not hold in general: uncorrelatedness is just
one equation, independence is many equations. But if f(X), g(Y)
are uncorrelated for all f, g then X,Y are independent.



PX=Y=0)=1/3,
PX=Y=-1)=PX=Y=1)=P(X=—-1,Y = 1)
=PX=1Y=-1)=1/6.

These variables are uncorrelated but not independent.

On the other hand, if X, Y only take 2 values and are uncorrelated,
then they are independent.

Let X = 1 with probability p and 0 with probability (1 —p). Let

Y = 1 with probability g and 0 with probability (1 —q). Indeed,

EX—p)(Y—q)=EXY—pEY—qEX+pg=EXY—pq.

If this is O then pq =EXY =P{X=1AY =1}, showing that X, Y
are independent.



Variance

If X is a random variable u = EX, with X’ = X — u then we define
VarX = Cov(X,X) = E(X — u)>.

Equivalent expression: VarX = EX? — u?.
Since Var(AX) = A2 Var(X), we introduce the quantity +VarX and
call it the standard deviation oy.



i oranvA Var(X+Y) = VarX + VarY + 2Cov(X,Y).

Thus if Cov(X,Y) = 0 then Var(X +Y) = VarX + VarY. In particular,
this is true if X, Y are independent.
More generally, if X3, ...,X,, are pairwise uncorrelated then

Var(X; +---+X,) =VarX; +---+ VarX,,.

Application: let Xy, ...,X, be uncorrelated, identically distributed,
with 02 = VarX;, S, =X; +---+X,. Then

VarS, = no?.
Note that VarX is not a linear function of X, it is not even

homogenous: the standard deviation is homogenous. But, the
standard deviation of S, grows only as 4/n.



Let u = EX, 02 = VarX. The new inequality comes from the
Markov inequality applied to the variable (X — u)?. It says, for
A>0:

1
PLX—pl> 20} < 5.

* Another form of the inequality: P{|X —u| > A} < 0?/A2.
® Markov’s inequality implies that if X has a finite expected value
then by its tail P{X > A} decreases at least as O(1/A).

® Chebyshev’s inequality says that if X also has a finite variance

then we can say more: the tail decreases at least as fast as
0(1/22).



Variance of the geometric

For a geometric variable with parameter a, a trick similar to the
one used for the expectation computes

VarX=1/a?>—1/a



Law of large numbers

Let S, =X; + - +X,.

Theorem 1.18 (Law of large numbers) EYORldiF M

Xi,...,X, be pairwise uncorrelated, with EX; = u,VarX; = o2. Then
for all € > 0 we have

lim P{IS,/n—ul>e}=0.

Indeed, by Chebyshev’s inequality for A > 0:

P{ S, —nu| > Aaﬁ} <1/A2,

P{IS,/n—ul>Ac/v/n} <1/A%
o2
P{IS,/n—ul>e} < —
ne

where we chose A = e4/n/o.



Thus, for large A the value S, is mostly in the interval nu + Ao /n.

ineinplGHRER  Tet X; = 1 with probability p and 0 otherwise:

when a biased coin falls head up. Then EX; = p, VarX; = p(1—p).
Further S, is the number of heads in n tosses. The inequality says
that with large probability this number is within

np £ A4/ np(1 —p).

This interprets probability in terms of



Can we make the interval tighter then %c4/n in the law of large
numbers? No, this is shown by the theorem below. A random
variable X is called ifEX=0,VarX=1.IfEX=u and
VarX = o2 then X’ = (X — u)/o is standard, it is called the

of X.
Let X3, ...,X, be independent, identically distributed with EX; = u,
VarX; =02, S, =X, +--- +X,. We are interested in the distribution
of the standardized version (S, —un)/on of S,,.



Let ¢ (x) = (27)"/27*"/2 be the density function of the so-called
, and let ®(x) = ff oo )y

Theorem 1.20 (Central limit theorem) ERYENEE

lim P{S":/;n <a}=<1>(a).

n— oo o

It is remarkable that this limit distribution, the Gaussian
distribution, does not depend on the distribution of X;. The proof of
this theorem (under the condition that E |Xl~|3 < 00) is given in
separate notes.

The theorem shows that just as it is unlikely for |S,, — un|

to be much larger than 4/n, it is also unlikely for it to be much
smaller! If somebody shows us a 0-1 sequence X, ...,X, where the
number of 0’s and 1’s is much closer to each other than 4/n, then
we should doubt that it came from coin-tossing.



Exponential convergence

Can we improve the O(1/n) bound on the tail probability in the law
of large numbers? Yes, there are theorems of the sort

P{ISu/n—pl>e} <™,

that is the probablity of S,,/n to be outside some constant-size
interval around u should be exponentiall small. Such theorems are
sometimes so-called “Chernoff bound”, “Hoeffding bound”, or
“large deviation theorem”. For these theorems, mutual
independence is essential (identical distribution of the X; id not).
For one such theorem, assume 0 < X; < 1 (if this is not the case,

rescale), yu; =EX;, u =+ 3" ;.
Theorem 1.21 (“Chernoff” bound)

P{S,—un>en}< e_zgzn,

P{un—S,>en} < e 2e’n,



Transformation to another range Suppose we want —1 <X; < 1.
Then we can apply the bound to X! = (X; +1)/2. that is
X;=2X—1.1fS, >ES, +en then 28/ —n>2ES) —n+en,
thatis S/ > ES/ + /2. By the Chernoff bound this has
probability bound

e—2(5/2)2n — e—szn/Z. (1.2)
Mutual independence is essential For pairwise independent
variables the O(1/n) tail bound is best possible. Indeed, in a
homework we saw an example of n such variables X; with
P{X; = —X —O}—n+1 ThlS gives ES,, =n/2 but
P { S S 0} = m



Entropy, relative entropy

The theorem and its proof uses the following functions.
H(A)=—-AlogA—(1—A)log(1—21)=0

is called the entropy of the distribution (A,1—A), and

— 1—
H,(A) =H,(A)/In2 = Alog% +(1-2)log ; _‘;.
is called its relative entropy with respect to (u, 1 — u).

Note that Hy 5(A) = H(A) — 1. When log is replaced with In, we

denote
H(A)=HA)In2=-AlnA—(1—2)In(1—21),

and so on. Concavity of the logarithm function proves

If A # u then H,,(2) <.



We will derive the “Chernoff” bound from the following theorem.
Lo n RN  Let A —u = ¢, then

A>p=P{S,/n> A} < el < =20, (1.3)
A<p=P{S,/n< A} < el < =20, (1.4)



For the proof, fix a positive number b, and compute, using
independence:

EbSn = Eb ---Eb5.

For u < A < 1, choose b > 1, then S,, > An < b5 > b, For
0 < A< u, choose b <1, then S, < An & bSr > b*. In both cases,
by Markov’s inequality,

n
P{bS >b*} <bMEBS =bM] JEBY.
i=1

Simplify, using that b*, a convex function of x, is below the chord in
0<x<1:

b*<1+x(b—1).

Taking expectation: Eb%i < 1+ u,(b—1).



By the inequality of arithmetic and geometric mean:

[Ta+uo-1< G PUCRINCE 1)))n
| =(1+!li(b—1))”-
Multiplying with b=*, our bound is (g(b))" where
gb)=b*A+ub—1)=0—wb*+ub?,

a convex function. Keeping u fixed, choose b to minimize this by
differentiation:

pr = M1
(1=’

which is indeed < 1if A <y and > 1if A > u.



Substitution gives

pNM(1=—p\'h 1—p
T e NETI,
s0)={7) \1=2 AT A=

where we used the arithmetic-geometric inequality again. This
inequality is strict unless A = u. We can write g(b*) = e/s(»),

To prove H u(A) < —2¢2 recall the Taylor formula for f(1) = H u(A):

flu+e)=f(w) +f (We +f"(0)e?/2

for some 6 between u and u + ¢. By calculation: f(u) =f(u) =0,
f"(0)=-1/6(1—6) < —4. Hence H,(u +¢) < —4g2 /2 = —2¢2,



Simpler forms

For A > u we have

o — a4 _ 1—p it
H,()=AlnS+1-)hi—2 <Aln-+1

Indeed, ignore the 1 — u and use the inequality (1 — A)In ﬁ <A
(homework). This results in the upper bound

P{S,/n>A} < (%)7L (1.5)

which is useful only if A > eu.



Binomial coefficients

Let X; = 1 with probability 1/2 and 0 otherwise, then u = 1/2. Let
A < 1/2. Then (1.4) implies

o Z (n) =P{S, < An} < 2",

k<An k

2 (k)=

k<An

a very useful inequality. For small A, we can again simplify using
(1-A)In <A

Z (Z) = (%)M’ Z (Z) S (%)m (1.6)

k<An k<m



A more general version of “Chernoff’s” bound uses a quantity

v(a,b) = (b—a)*/4,

IHSnine928  For a random variable X with a < X < b we have

Var(X) < (b—a)?/4. This bound is achieved for
PX=a)=PX=b)=1/2.

The proof is an exercise. For independent random variables X; with

a; <X; < b, letv, = > v(a;,b;). Then Var(S,) < v, (equal when
X; = a; or b; with probability 1/2 each).

Theorem 1.25 (Hoeffding) [TeIde:11 WX

P{S,—nu= Ay, } <e M2,

Alternatively, P{S, —nu> A} < e */2,



Let us apply the alternative form to the case a; =0, b; = 1, then
v, =n/4. Choosing A = en:

e2n2 2

P{S,—nu>en}<e vz =e 26N,




We have sets A;,...,A,, CU=1{1,2,...,n}. We want to paint the
elements of U red or blue in such a way that in each set A;, the
number of blue and red elements balances out as much as possible.
That is if B is the set of blue elements then we want the

m
miax |14; N B| - 4, \ B

to be minimal. Other language: we are looking for a sequence
b=(b,,...,b,), b; = £1, for which

max | Z b;|
L .
JEA;

is minimal.



Let us see how good a vector b we can get by random choice. Let
B1,-.., B, be independent, with P{f; =1} =P{f;=—1} =1/2.
Each ZjeAi f3; is a sum of independent random variables. Let us fix
a parameter t, to be chosen later. Two cases.

® |A;] <t. Then |Zj€Ai Bil <t.

® |A;| > t. By the Chernoff bound (1.2), since E 3; = 0, with
k = |Ai|:

P{'Z ﬁ]l > t} < 26_%&/”2" = 26_%f2/k < 9e—t2/(2n)
JEA;

Choose t = v4nInm, then this is 2/m?. So with probability
1—2/m, all m sets A; have discrepancy < t.



Can one do better?
Yes, but not by just random choice. Spencer achieves a discrepancy

of
O(\/ nln(m/n)).

(See the Alon-Spencer book.) For m = n this is O(4/n) while the

random choice gives O(+/nlnn).
A homework will show that O(4/n) for m = O(n) cannot be

improved.



Suppose some random number generator provides a random
variable U distributed uniformly over the interval [0, 1]. We can
compute from this a random variable X with any given cumulative
distribution function F(a). First, we define the inverse function
G(y) = F(y). Some care is needed since F(x) is not strictly
monotonic in general (but is left-continuous):

G(y) =sup{x:F(x)<y}.
(Check that G(y) is right-continuous: G(y) = limy,, G(Y'))

@i AN The variable X = G(U) has the distribution F(x).

Indeed, G(U) <x & Vx/(F(x') SU=x <x) & F(x) > U.
On the other hand, P{F(x) > U} = F(x).



Examples 2.2

® Letx; <--- <X, be some values, and let X be a random variable
with P{X =x;} =p; where >,,p;=1. Fori=0,1,...,nlet
q; = stl- p;j (so go =0,q, = 1). The distribution function is

P{X<a}=Fx(@)= ), pi=maxq,

i:x;<a

Gx(u) = sup{a : Fy(a) <u} =max{x;: g1 Su},

so outputting x; if q;_; < U < g; we get the distribution of X.

® Let Y be an exponential random variable:
P{Y <a} =Fy(a) =1—e P2 To invert this function, let
u=1—eP? and express a via u: a =—p ' In(1 —u), so
outputting Gy (U) = — ! In(1 — U) we get the distribution of Y.



Algorithms can be analyzed probabilistically from several points of
view. First distinction:

© The algorithm is deterministic, but we analyze it on random
inputs. This approach 1 is less frequently used, since we rarely
have reliable information about the distribution of our inputs.
(Levin’s theory of problems that are hard on average adresses
general questions of this type.)

® We introduce randomness during computation, but the input
is fixed. Most practical uses of randomness belong to
category 2, randomization.

We will see later a connection (Yao’s theorem) between
approaches @ and @ from the point of view of worst-case analysis.
(It is, of course, also possible to randomize and analyze on random
inputs.)



15 chn) (SRITE(01E0v9)  The deterministic quicksort

algorithm has a quadratic worst-case performance. Its average-case
performance is good, but there is no reason to assume that the
permutation we have to sort is “random”. In practice, getting a
reversely ordered file is more likely than getting a completely
disordered one.

On the other hand, a randomized version provides us the same
benefits as a random input would (see below).

1) (S ESTI D @1 B0t It has been known for some

time, that the simplex algorithm of linear programming performs
well on random inputs. But it is much less clear, how to turn this
observation into a well-performing randomized version of the
simplex method.



Given an array A = (a,, . ..,a,), we want to sort it using
comparisons. The recursive algorithm

Quicksort(i, k,A).
sorts elements q;, ...,a; if i < k. It uses a subroutine called
Partition(i,j, k,A), i<k, i<j<k.

This will take a; and rearrange q;, . .., d; comparing
them with q;, putting all elements less than a; before it and all
elements greater after it.

Now Quicksort(i, k,A) works as follows. It does nothing if i > k, else
it chooses some element i <j < k and returns

(A',j’) = Partition(i,j, k,A) where j’ is the new position of a; and A’
is the new order. Then it applies Quicksort(i,j’ —1,A’) and
Quicksort(j' +1,k,A”).



Let the sorted order be z; <2y <--- < z,. Ifi <j then let
Zl] = {Zi’zi+1? 0oo ,Zj}.

Let the random variable Cj; be defined to be 1 if z; and z; will be
compared sometime during the sort, and 0 otherwise.

Every comparison happens during some partition, with the pivot
element. Let e be the first (random) pivot element entering D i
little thinking shows:

We have C; = 1 if and only if 7;; € {z;,3;}. Also, for

everyx € Z

ij, we have

1
j—i+1

P{Tcijzx}z



It follows that P{C; =1} =EC; =
comparisons is

> EG= > - 2+1S2(n—1)(%+%+-~+%).

1<i<j<n 151<j$n] —t

= +1 The expected number of

From analysis we know that the
Hn)=1+ % + % +---+ % =Inn+ O(1). Hence the average
complexity is < 2nlnn = O(nlogn).



No, an estimate on the expected value may still allow very large
fluctuations. By Markov’s inequality we know only that if N is the
number of comparisons then, say, P{N > 20nInn} < 1/20. To
know more about the of N around its expected value,
we may need to know more about, say, VarN. We do not have
exponential convergence like in Chernoff bound, but it is better
than polynomial (McDiarmid-Hayward 96).



An algorithm A(x) has t(n) if there is a constant
¢ such that for all inputs x, A(x), terminates in time c - t(|x|),
where |x]| is the length of x.

Some function function f(x) over strings x is in

DTIME(t(n)) if it has an algorithm of time complexity t(n)
computing it.

The class P of polynomial-time computable functions is defined
as P = J, DTIME(n®).

A set L of strings (also called a ) is in the same
complexity class as its indicator function 1 (x).

The usual algorithm of multiplying two integers has polynomial
time complexity.

The school algorithm of deciding whether an integer is
composite (has a nontrivial divisor) is not polynomial.



Witnesses

The set balancing problem is an example from an important class.
We are given some input data (in this case, the family of sets
A={A,,...,A,}), anumber t, and a requirement for a certain set
B, namely max; ||A; N B| —|A; \ B|| < t. We are looking for a set B
satisfying this requirement. When such a set B is found, it can be
called a witness, or certificate showing for that the requirement can
be satisfied.



Here is another example.

® Given n X n integer matrices A, B, there is no known algorithm
to compute AB in O(n?) algebraic operations. Even if we are
given a matrix C, there is no known deterministic algorithm to

the equality AB = C.

® Idea: AB = C if and only if for all vectors x we have A(Bx) = Cx.
This can be tested in time O(n?). So if ABx # C then x is a
witness for the statement AB # C.
The following algorithm will find a witness, if one exists, with
probability > 1/2. Repeating it k times will reduce the
probability of not finding a witness to 27,



Sl EL e nirASdE1ldaitainl  Choose a random vector x with

0-1 entries.
Compute ¢ = Cx, b =Bx, ¢’ = Ab. If ¢ = ¢, accept, else reject.

This algorithm takes O(n?) operations.
If C = AB then it always accepts. Else, it accepts with probability
< 1/2. Indeed, let D = C—AB, and assume d;; # 0. We have

(DX)i = dl]x + Zdikxk.
A

Let x;. for k # j be chosen arbitrarily, this fixes the sum term on the

right-hand side. Now X; is still chosen independently and uniformly

over {0, 1}, and one of the two choices makes the result # 0.



Polynomial identity

Given two functions f(x), g(x), is it true that f(x) = g(x) for all input
values x?

The functions may be given by a formula, or by a complicated
program.

i) The matrix product checking example of above
can be seen as checking

A(Bx) = Cx
for all x.

As in the example, if the identity does not hold we may hope that
there will be many witnesses x.



An example where mathematics can be used is when f(x), g(x) are
polynomials. The following fact is well-known from elementary
algebra.

1ayvenleriteteitsiel] A degree d polynomial of one variable has at
most d roots.

So, if we find P(r) = 0 on a random r, this can only happen if r hits
one of the d roots.



But, what is this good for? Checking whether a given polynomial is
0 is trivial: just check all coefficients. In the interesting
applications, the polynomial has many variables, and is given only
by computing instructions.

Examples 5.4

@ The polynomial is given by a formula or .
using multiplications and additions, like
(3¢ + 2x9) (9 — 3x3) — (3¢9 + 5x; — 3) (43 —x% —2x7).

® It is given as det(A;x; + - - - + Ayxi + A1) Where the A; are
n x n integer matrices. Has potentially exponential size in n,
but for each fixed value of (x;,...,x;) there is an efficient
algorithm of computing the determinant: Gaussian
elimination. (The algorithm uses divisions, too, so its
polynomial complexity is not trivial—as rounding of fractions
is not allowed.)



We need to estimate the probability of hitting a root in a
multivariate polynomial.

IR TN CIdNENWeAN  Let p(xy,...,X,,) be a nonzero

polynomial, with each variable having degree at most d. If
ri,...,y are selected randomly from {1,...,f} then the probability
that p(rq,...,r,) =0 is at most md/f.

Proof. Induction on m. Let p(xy,...,X,) =po+X1p1 + - +x‘11pd,
where at least one of the p;, say p;, is not 0. Let
q(xy) =plxy,79,...,1y). Two cases:

pj(ry,...,r,) =0  with probability < (m—1)d/f,
q(r;)=0 with probability < d/f.

Total is < md/f. O



Matchings in graphs

Let G = (V, G) be a bipartite graph, with the edges between sets A
and B, A={ay,...,a,}, B={by,...,b,}. Assign to each edge a;b; a
variable x;;. Matrix M:

Xij if aibj S E(G),
0 otherwise.

IL O SO GHI9N  There is a complete matching in G if and

only if det(M) is not identically O.



Proof. Consider a term in the expansion of the determinant:

M7 (1)Mar(2) " Mun(n)s

where 7 is a permutation of the numbers 1,...,n. For this not to be
0, we need that a; and b,;) be connected for all i; in other words,
that {a;b @), ...,a,bymn)} be a complete matching in G. In this way,
if there is no complete matching in G then the determinant is
identically 0. If there are complete matchings in G then to each one
of them a nonzero expansion term corresponds.

These terms do not cancel each other (any two of these monomials
contain at least two different variables), the determinant is not
identically 0. ]



We found a polynomial-time randomized algorithm for the
matching problem in bipartite graphs.

What’s the point? We mentioned it before that there are also a
polynomial-time deterministic algorithms for this problem (for
example via maximum flows). But there is a theoretical advantage,
since determinant-computation can be parallelized: performed on
a parallel machine in log°n steps.



Alanguage L is in R(t(n)) if there is a randomized
algorithm A working in time O(t(n)) such that for all x € ©*

e if x ¢ L then A(x) rejects.

e if x € L then A(x) accepts with probability > 1/2.
Let RP = | J, R(n%).

If we want 1 — 27 in place of 1/2, we can repeat k times; this does
not change the definition of RP.

We have not seen an interesting example of an RP
language yet, since matrix product testing is also in P.

Such an example will be prime testing, though now it is also known
that primes are in P.



L € RP if there is a k and a (deterministic) algorithm A(x,r) running
in time n* with x € &", r € {0, 1}”k such that

* if x ¢ L then A(x,r) rejects for all r.

e if x € L then A(x,r) accepts for at least half of all values of r.

On the other hand L € NP if there is a k and a (deterministig)
algorithm A(x, ) running in time n* with x € ¥", r € {0,1}" such
that

e if x ¢ L then A(x,r) rejects for all r.
e if x € L then A(x,r) accepts for at least one value of r.

The algorithm A(x,r) in the NP definition is called the
algorithm, the values of r for which it accepts are called s
or . Thus, RP C NP.



An NP language L is also in RP if it has a verifier algorithm with the
property that if x has a witness then it has many (at least half of all
potential ones).

I.einpl (G653 The word has is important in the above remark.
The language COMPOSITE is in NP, since a verifier predicate is

B(x,r) = rlxAré {1,x}.

For this verifier, however, it is not true that if there is one witness
there are many. For example, if x = p? for a prime p then p is the
only witness.

Nevertheless, COMPOSITE € RP. But this is shown with the help of
a randomized prime/compositeness test algorithm (see later), that
is with a different verifier B'(x,r) for the same language
COMPOSITE.



Two-sided error

It is actually more natural to consider a randomized complexity
class with two-sided error.

A language L is in BP(t(n)) if there is a

randomized polynomial-time algorithm A working within time
O(t(n)) such that for all x € &*

® if x € L then A(x) rejects with probability < 1/3.
® if x ¢ L then A(x) accepts with probability < 1/3.
Let BPP = J, BP(n¥).



I do not recall a simple natural example of BPP.

But since RP is not closed under complementation, if L;,L, € RP
then about L, \ L, we can only say that it is in BPP.

IhZ0y=nsiilil  The definition of BPP does not change if we

replace 1/3 with 1/2 — ¢ for a fixed € > 0, and also not if we
replace it with 27" for any k > 0.

To get from error probability 1/2 — ¢ to error probability 2_”k, use
repetition const - n* times, majority voting and the Chernoff bound.

\WngntiiieeE  The definition of BPP does not work with 1/2 in

place of 1/3: in that case we get a (probably) much larger class
closely related to #P (see later). But we could use any 1/2 — ¢ for
some constant €.



What questions to ask about a randomized algorithm? Clearly, with
randomization we give up (almost always) some certainty, but
what sort?

@ If an algorithm always solves the problem exactly (like
Quicksort), it be called a algorithm (for no
particular reason) as opposed to Monte-Carlo algorithm for
the case when the result may be wrong. In the Las Vegas case,
we want to know, how fast (in various statistical measures)?

® Otherwise we will generally assume a fixed time bound and
are interested in the probability of correct solution, or other
statistical goodness of the solution.



No error

Let X be a finite alphabet. We will consider languages, sets L € X*
of strings with letters in 2.

DISihiian il For a language L C X* we say that L € ZP(t(n))
if there is a Las Vegas algorithm A(x) working in time t(n) deciding
x € L in expected time O(t(n)). Let ZPP = J, ZP(n").

It is not easy to show a nontrivial example of a ZPP
language. Adleman and Huang have shown that prime testing is in
ZPP, but now it is also known that it is in P.



Characterizing Las Vegas

The proof of the following theorem is a good opportunity to
practice our notions.

The following properties are equivalent for a
language L:

® L <ZpPp;

@ L €RPNCo-RP;

@ There is a randomized polynomial-time algorithm that
accepts or rejects, correctly, or returns the answer “I give up”,
with probability < 2/3.



Proof. It is obvious that (i) implies (ii) (Markov inequality).

To see that (ii) implies (iii), submit x to a randomized algorithm
that accepts L in polynomial time and also to one that accepts
>*\L in polynomial time. If they give opposite answers then the
answer of the first machine is correct. If they give identical answers
then we “give up”. In this case, one of them made an error and this
has probability at most 1/2 < 2/3.

To see that (iii) implies (i) modify the algorithm A given in (iii) in
such a way that instead of the answer “I give up”, it restarts. If on
input x, the number of steps of A(x) is T and the probability of
giving it up is p then on this same input, the expected number of
steps of the modified machine is

T

o
pr_l(l —p)tt = —— < 371.
t=1 1-p



If a problem has a Las Vegas algorithm A(x) with
running time T(x) with E T(x) < p(n) for a polynomial p(n),

(n = |x|), then it has another one, A’(x), with a constant p < 1 and
random running time U(x), with the property

P{l%>t}<pt.

In other words, U(x) has very small probability of being large; much
better than what comes from the Markov inequality for T. (Then,
of course, not just EU is polynomial but also for example E U?.)



A computational model similar to P is the set of languages
recognizable by a polynomial-size Boolean circuit. It can also be
characterized in terms of Turing machines.

DISihiian sy A language L is in Time(t(n))/f(n) if there is

Turing machine M such that on inputs x, a of size n, f(n), M(x,a)
halts in time O(t(n)), and for each n there is a fixed string a,, such
that x € L iff M(x, a,,) accepts.

We define P/poly = ; Time(n*)/n! = | J, Time(n*)/nk.

The string a,, is the string for n; it is the same for all inputs x
of length n.



IO EE A language is in P/poly if and only if it can be
computed by a logic circuit of polynomial size.

The idea of the proof is that for each n the advice string a,,
describes the logic circuit that decides x € L for each n. (The strict
proof needs to elaborate the idea in both directions.)

The more interesting theorem is:

Theorem 5.16 (Adleman) [:1y:Xe8F) 18



Proof. LetL € BPP, |x| € X", with |X| > 1. A simple idea: the good
coin tosses deciding x € L could play the role of the advice string
a,. But this is too simple, since the good coin tosses may be
different for each x. Let M be a probabilistic Turing machine
working in time n* that decides L with error probability < |Z|™.
Write M(x) as M’(x,r), where M’ is a deterministic Turing machine
with input x € ¥" and auxiliary input r € {0, 1}“k which represents
the coin tosses. Let

E(x) = {r: M(x,r) decides incorrectly whether x € L },

then P(E(x)) < |Z|™". Let E, = | J,es E(X), then P(E,) < 1,
therefore there is a string a,, € {0, 1}”k \ E,,. Then M(x,a,,) decides
x € L always correctly, so a,, can be taken as the advice string. Ol



Adleman’s theorem shows that the class P/poly encompasses all
functions computable in polynomial time and using randomization.
Can we get even more by using both polynomial circuits and
randomization?
The answer is, no. There is a natural definition of

, namely circuits with some extra inputs for random bits.
The reasoning of Adleman’s theorem generalizes to this case,
showing anything that can be computed by a polynomial-size
randomized circuit can be also computed by a (somewhat larger,
but still polynomial-size) circuit without randomization.



Games

A zero-sum two-person game is played between players R and C
(stands for “row and column” and defined by an m x n matrix A.
We say that if player R chooses a pure strategy i€ {1,...,m} and
player C chooses pure strategy j € {1, ...,n} then there is payoit:
player C pays amount g;; to player R.

Deinpl 88 m =n = 2, pure strategies {1,2} are called “attack
left”, “attack right” for player R and “defend left”, “defend right” for
player C. The matrix is

-1 1
a=(7 1)



: a probability distribution over pure strategies.
p=(p1,...,pm) for player R and q = (q, - . .,q,,) for player C.

Z a;pq; = p'Aq.

ij
If player R knows the mixed strategy q of player C, he will want to
achieve

i J J

since the maximum is always achieved by some pure strategy.



Player C wants to minimize this and can indeed achieve
min max Z a;;q;-
i S

This can be rewritten as a linear program:

minimize t
subject to t> ZJ- a;q, i=1,...,m
qJZ 0, j=1,...,n

Zj q;= 1.
It is straightforward to check that (as for any real function of p, q):
maxminp’Aq < minmaxp’Aq.
P 4q qg p

But in our case, we will have equality!



The theorem below directly follows from the duality theorem of
linear programming:

Theorem 6.2 (von Neumann) RWYREE

minmax E a;;q; = minmax E a;p;q;
¢ i = P 5

= maxminZaijpiqj = maxm_inz a;p;-
P45 PoJ5

Geometrically, this says that as a function of the mixed strategies

P, q, the function p’Aq has a , which is the
maximum (in p) of minima (in q) as well as the minimum of
maxima (minimization and maximization is both times by the same
variables).



For the matrix A= (7' %), writing p” = (p, 1 —p): the min-max is

min maxz a;q; = minmax{—q + 2(1 —q),q —3(1 — q)}
q 1 q q

= minmax{2 —3q,—3 + 4q}.
q

The height of the line 2 — 3q runs from 2 to —1, and for the line
—3 +4q from —3 to 1. Let ¢* = 5/7 be the point where they meet.
For q < ¢*, the maximum is for i = 1 and decreasing; for ¢ > g* it is
for i = 2 and increasing. So the min-max is 2 —3q* =—1/7.

The value max, min{—p + (1 —p), 2p —3(1 —p)} will be the same
(compute it!).



max{2 —3q,—3 + 4q}




Yao’s theorem will connect the average time of some deterministic
algorithms (on varying inputs) with that of a randomized
algorithms (on fixed input). Consider a finite number m of possible
inputs x;. and a finite number n of possible computations
(algorithms) C;. Let the row player R choose an input x;, and the
column player C choose an algorithm C;. The payoff is some aspect

a; = L(Cj(x;))
of the computation Cj(x;). For definiteness, let it be the

A distribution p on inputs is a . A distribution q on
algorithms a



Let us apply the minimax theorem:

Theorem 6.3 (Yao) BRAVEENE

max rginZL(@(xi))pi = min mlax;L(c;(xi))qj.

Thus the time we get by choosing an input distribution that
maximizes the smallest possible expected time of all (deterministic)
algorithms (in our collection), is the same as the by choosing the
randomized algorithm that minimizes the worst expected time on
all possible (deterministic) inputs.

In practice, frequently only the easy, weak form of the theorem is
used, namely that for each p, q we have

mjin ZL(CJ-(xi))pi < mlg'leZL(Q(xi))q]'-
i J



Game trees or tree formulas

An arbitrary Boolean function f(xy,...,X,) can be computed by a
formula using only NOR operations. Such a formula, can be
represented as a tree:

Figure: A game tree



® Evaluating the expression can be seen as finding the value of a
two-person of strategy. Each node is a possible state of
the game. Player A has the move at the top, player B has the
move at the children of the top, and so on.

A player wins at a node if the other player loses at all of its
children. f(x;,...,x,) =1 if player A wins at the top.

® We are interested now in the : How many
inputs need to be evaluated to compute the result? For
simplicity, assume that the formula is a , SO

n = 2K for a height k.

® It is easy to see that each correct algorithm will have to
evaluate all variables in the worst case. But a randomized
algorithm may do better.



A recursive randomized algorithm A(h) for binary trees of height h:

® Choose a child of the root uniformly at random, and evaluate it
according to A(h — 1).

e If it returns 1 then return 0; otherwise evaluate also the other
child.

Let ay(h) be the expected number of probes if the value is 0, and
a;(h) ifitis 1.

a]_(h) < 2a0(h— 1),
)= sl s =)

Hence ay(h) < 2ay(h—2)+ ag(h—1)/2. This is a linear recursion;

standard methods show that its solutions grow like c* where

1++/33
4

c= is the positive solution of the equation

x?=2+x/2.



Is this the best one can do?
Yes, but we will only (half-)prove a weaker lower bound here.

® We want a lower bound on the expected value on arbitrary
randomized algorithms, on the worst inputs.

® Instead we will find some (clever) input distribution and
lowerbound the expected value of all deterministic
algorithms on it.

® The easy part of Yao’s Theorem says that solving (B) gives a
lower bound for (A), too. The hard part says that if we are
really clever we get the best possible lower bound.

® We only need the easy part now, but still need to be clever!



For a non-optimal lower bound, we choose a distribution P in
which each x; = 1 with probability p, independently (the optimal
distribution is not independent).

Let p = 3(3 — +/5), then it satisfies

(1-p)*=p,

and P { V=1 } = p also for each internal node Y; of the NOR tree.



We need to find a lower bound on all deterministic evaluation
algorithms. This is still too many algorithms.

ID[Sihiialen NG“Y  Call an algorithm if for each subtree

T, if after evaluating some variables in it, the value Y; is not found,
then the next evaluated variable is also taken from T.

The following lemma helps simplifying the situation.

The smallest expected value over distribution P will
(also) be achieved by a depth-first algorithm.

For this lemma, it is important that the tree is the full binary tree.
Still, the proof is not easy, we will skip it here.



Let us give a lower bound using the lemma. If W(k) is the expected
value for a tree of height k, then

W(k) =W(k—1)+ (1 -p)W(k—1) = (2—p)W(k—1)
= (2—p)* = 2klos(2p) — pf

where 8 =1log(2—p) = log @) <logv3=a.
So our lower bound does not meet the upper bound. It can be
matched by a more clever, non-independent distribution.



Given a network: a directed graph G = (V, E) that is strongly
connected. Edges are called

From each point i a v; needs to get to its destination
d(i). For simplicity, assume that

i—d(i)

is a permutation.

Discrete timesteps. In each step, each link can forward only one
message, the others are queued up in the queue of that link.

The issue: the caused by this.

For packet i let L; be the total time to reach its destination. We
are interested in minimizing L = max;L;.



¢ Trivial lower bound in the worst case, L > the of G.
How much worse can congestion make it?

® We want , that is : the path p; it
chooses from source i to destination d(i) does not depend on

d(j) forj #i.
I oy O\ hiavayEIDE  On a network of size N in which

each vertex has outdegre < d, for every deterministic oblivious
algorithm there is a choice of destinations giving L = Q(+/N/d).

When the diameter of G is much smaller than v/N (not the case of a
2-dimensional grid) then we hope that a randomized algorithm
improves on this.

Such an example will now be examined.



® The network G = (V, E) is popular for connecting
many parallel processors.
V = the set of all N = 2" binary strings of length. An edge
connects two binary strings (in both directions) if they differ
only in one bit.

® Degree of nodes: n. Diameter: n.

® There are examples of graphs with constant degree and
logarithmic diameter (expanders), but the hypercube is easy to
analyze.

Example 7.2 (A simple oblivious algorithm)
° : keep changing the first bit in which you still differ
from the destination.

* A simple adversarial permutation causing this to take Q(+/N/n)
steps: flip the bits around the middle of the string.



Two phases.

@ Send every packet v; to a random intermediate destination
o (i). (The map i — o (i) need not be one-to-one.)

® Send each v; from o (i) to d(i).
® Use the bit-fixing algorithm for each phase.

Bit fixing has a convenient property: if two routes depart from each
other, they will never meet again.

Theorem 7.3

® This algorithm achieves EL(i) < 2n for each i (thus, delay n).
O It also gives P{L > 14n} < 1/N.



Let packet v follow a sequence of edges

p =(eq,...,er). Let S be the set of packets other than v passing
through at least one of the ;. Then the delay of v on p is at most
IS].

Proof. Let p =(ay,a,.-.,a), e; =(a;_1,a;). Draw a 2 dimensional
grid (see figure). For each packet, v, if it dwells in point a; at time t,
we show it at coordinate (i,t —i). So, as long as it is on p in each
step it either moves right (when not delayed) or moves up (when
delayed). Now each horizontal line below the top one ends in a
packet leaving p. Ol



Ot
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Figure: The structure of delays along a route. Going right: proceeding,
going up: waiting. Messages are numbered. They can enter and leave the
route, but not return (property of bit-fixing).



® p; = the path from i to o (i).
E|p;| =n/2 (the expected number of bits in which i and o (i)
differ).

® Let H; = 1if p; and p; share an edge.
T(e) = the number of paths crossing edge e.

® By symmetry E T(e) does not depend on e, let us estimate it via

the sum:
ZT(e)—Zml
NnET(e) = ZET(e )= ZE|p | = Nn/2,

ET(e) = 1/2.



Let T’(e) < T(e) the number of paths p,,..., py crossing edge e.
Since the paths are chosen independently, for any value r of py:

E{T'(e) | p; =1} =ET'(e) <ET(e) =1/2.

By the lemma, the total delay of, say, v; is at most

ZHlj < Z T'(e),

j#1 e€py
E{> Hy|p1=r}< D ET(e) < Y ET(e)=1rl/2<n/2.
j#1 ecr e€r

This bounds the expected delay on 1 — o (1) by n/2. We saw that
the expected path length, |p,], is n/2, so the total expected time of
1 — o(1) is < n. It follows that EL(1) < 2n, proving part @ of the
theorem.



For the proof of part @ notice that Hyj, j=2,...,N are independent
random variables in [0, 1], and

E> Hy < > ET/(e) <nj/2.
A e

A Chernoff bound calculation (see the book) gives that
P { > Hy> 14n} <1/N?,
J#1
then it follows by the union bound that

P H;>1 < 1/N.
{mlaxz 7 4n} /

J#



(Following hints by Shanghua Teng.)
Let G = (V,E) be an undirected graph, and f : V — R. Function f
has a at some v € V if f(v) < f(u) for all neighbors u
of v in G. We are looking for a local minimum, while trying to
minimize is the . (Seems easier than global
minimum.) Let us add the condition f(v) < f(ug) for some fixed

Ug.-
Consider the special case where V=1 xJ x K is a lattice , Where
I,J,K are of the form, I = {iy,iy+ 1,...,i;} for integers iy <i;. Two
points (x;,¥1,%1), (X9,¥9,%5) in V are if

ey —xo] + [y —yol +121 —25| < 1.

In other words, each point can only have neighbors along the
coordinate axes at a distance 1.
Let n = max{|I|, |J|, |K|}.



There is an algorithm to find the minimum in time
o(n?).

Proof. Without loss of of generality, assume n = |I|. Let
m=|(ip+1i,)/2]. = {ip,...,m}, L ={m+1,...,i1},

U={m} xJxK. Then V=V, UV, where V; =I; x J x K. Without
loss of generality, assume ug € V.

Let f(u) = min,y f(x), for some u € U (not just local minimum).
Let u’ € V, be the right neighbor of u along dimension 1. Cases:

® f(u) > f(ug). Search recursively in V;.

® f(u) <f(ug). Cases:
® f(u) > f(u’). Search recursively in V, with v’ in the role of uj,.
® f(u') = f(u). Search recursively in V; with u in the role of u,.
In three recursion steps, n — n/2, using < 3n? + 6 queries. Hence
termination in O(n?) queries. OJ



No deterministic algorithm can do better than

0(n?) in the worst case.

Here is an adversary to show it, for the cube V where
I=J=K=/{1,...,n}. ForasetSCV let

a(s)

be the outside boundary of S in G, and d;(x,y) the distance
function in G.

The adversary will decide some answers in advance in such a way
that no decided point forms a local minimum, and the undecided
points form a connected component H of G. When an undecided
point u will be asked this may break up H into several (at most 4)
components H;. If not, she answers with f(u) smaller than in any
neighbors. If so, let H; be the largest of these components, and
A=0(JuH), m= min,ea\ () f(x). Let D be the maximum
diameter of H;, i > 1.



The adversary answers f(u) =m —1—D, and for eachx € H;,i > 1
decides

fG) =f(W) + dy,(x, u).

This creates no local minimum: indeed, the values descend in H;
towards u, and u itself has an undecided neighbor in H;. The lower
bound rests on the following lemma.

There is a time when %IVI <|H| < %IVI.

Proof. Let us look at the last step when |H| > %|V|. Then after this
step we have

5
5|H:| > 4|H;|+1 > |H| > glvl,

| > <[]
1 6 0



If for H € V we have |V| < |H| < 2|V| then
9(H) = Q(n?).

Proof. Exercise, see also Example 12.18. Ol

The last two lemmas imply that that there is a time in the process
when 2 (H) = Q(n?). Since all points of d(H) have been queried,
the number of queries is indeed Q(n?).

The result can be generalized to dimension d: there is a
deterministic algorithm with O(n~1) queries, and each
deterministic algorithm requires 2(n?~!) queries.



Randomized local search

The following result is completely independent of the structure of
the graph. Let |[N| = |V/|, and let A be the maximum degree.

T O e NG REEERIY  There is a randomized algorithm

finding a local minimum in random time T with ET = O(vVNA).
Moreover, we have

P{T/VNA>k+1}<e



In particular, for the d-cube the expected time is O( Vdni?).

Special case: n = 2, so we are searching on the vertices of a
d-dimensional cube ( ). The upper bound gives
Vd24/2,

The adversary argument for the deterministic algorithm gives a
lower bound for the Hamming cube. 2d(1—¢) (via a lemma
similar to 8.4).

The bound of the theorem is optimal for randomized

algorithms. The lower bound proof for the randomized case is
difficult; for the Hamming cube, see Aldous 83.



The algorithm:
@ Choose a set S of points randomly, let s = |S|. Find
fW) = min,es ().
® Follow a sequence u = ug, uy,...,u, where u; ; is a neighbor
of u; with f(u;,;) < f(y;), as long as you can. When you cannot
continue, you found a local minimum u,. Total number of
queries 0 < s+ AT.

Let p be the of f(u) in a sorted {f(x) :v€ V}. For any k > 0,

P{oc>s+kAN/s} <P{t>kN/s}<P{p>kN/s}

(Y- () s

Choose s = v AN, then P{a > (k+ 1)1/AN} <e* Sothe

expected number of queries is O(+/AN), and the distribution has an
exponentially bounded tail.



® A popular optimization method, is similar:
search for the optimum using random steps, where the size of
the steps used is gradually decreased.
® Qur example is extreme.
® First stage: random steps with no size constraint.
® Second stage: deterministic steps of minimum size.

The precise formulation of simulated annealing uses Markov
processes (see later).



Recall the equality check AB = C for matrices by using a random
vector x. Another view of the same idea: imagine that matrices A, B
are held in one location (see by player ) and the matrix C
elsewhere (say by player ). Task: check the equality AB=C
with a minimal amount of communication. Randomized algorithm:
Bob chooses a random x, sends the Cx (along with x
itself) to Alice, who then checks A(Bx) = Cx. This

only O(n) bits instead of O(n?).

(In the original application we counted the operations performed:
0(n?) in place of n3.)



Alice and Bob hold bit strings a and b of length n, and want to
check a = b without having to to communicate all of a.

® There is a theorem showing that any deterministic protocol
needs at least n bits communication in the worst case (see the
Lovasz notes).

® Randomized algorithm: treat a,b as numbers. Choose a
random prime number p from some set {p;,...,px} of primes
and send p and a mod p. Of course, Bob checks whether a
mod p =b mod p. Error only a # b but p | b—a. If a,b have n
bits, then |b —a| < 2" has at most n prime divisors, the
probability of error is bounded by n/k. For error ¢ choose
k=n/e.



We need to choose from among at least k primes. Let 7t(n) be the
number of primes up to n. The theorem below follows from the
“great” prime number theorem, but has a much simpler proof (see
the Appendix of the Lovasz notes).

Theorem 9.1 (Chebyshev) oW E SRR ENG

n(n) > 0.75n/Inn.

Algorithm: choose p < 1.5kInk. Apply a prime test. If p is not a
prime, repeat. Else send p and the fingerprint a mod p (< 2logn
bits, instead of 2n).
Bonus: From the bit string a = a,a, - - - a,,, the fingerprint a mod p
can be computed with very little cost, using the following loop:
s« 0.
fori=1ton:

s < 2s+a; mod p.



Given: universe U, and a typically much smaller subset S C U, say
|S| < m. We want an easily computable function

hg:U —{0,...,m—1} in such a way that h is (nearly) 1-1 on S.
The set N will be called the set of buckets, or bins.

et ) LGNS Decide questions of the form

x € S fast, or create tables for functions f defined on S.

We may want some additional features: say, easy modification of hg
in case some elements are added to S or deleted.

In a data structures course you have learned several methods, for
example via self-balancing trees. The method based on “hashing”
wins in most applications by its irresistible simplicity.



Look at functions h : U — B independently of S. The event

h(x) = h(y) for x,y € S is called a . We say then that h is a
“hash function” for S if the number of collisions is small on S. In
this case there will be to create an
efficient hg. We say h is for S if it has no collisions on S.
Each function h behaves very badly on some sets S.

Assume m = |B|, n = |U|, and |S| < s for all S.

ISP If n > s - m then for every function h: U — B
there is a set S mapped by h into a single bucket.

Proof. We have Y .z [f ()| =n,

LS m=2 s,
m m

YEB

so there is a y, € B with |[f 1(yo)| = 5. Let S =f1(y,). O



Random hash functions

For some finite set H, we can view the function h : U X H — B as a
randomized hash function, or a family of hash functions in the
sense that for each fixed r € H (which can be chosen randomly) the
function h(-,r) maps from U to B.

DISihiiaen R The family h(-,-) is 2-universal if for all

x #y €U and a random R we have

P{h(x,R) =h(y,R)} < ﬁ 10.1)

Equality here if h(x,R) and h(y,R) are independent for all pairs
x#y.



i) (G2 A universal hash function in which in the
equation (10.1) we don’t always have equality: let U =B,

h(x,r) = x for all r. Then there are no collisions at all, so their
probability is 0.
Of course, in this example hashing is unnecessary.

Example 10.5 (Complete independence) [N :MEV I

hy(x, (rq,...,7y)) =1y Here, all the values h(x,r) for different x
are independent.

This is useless, we want r to be small enough for storage and
computation.



An example universal hash function

We assume that our table size m = |B| is a prime number.
For an integer “dimension” d > 0 assume n < m¢, and break up the
key x into a sequence

x = (x1,X9,...,%3), 0<x;<m.

(If x is a bit string, break it into segments of size logm.) Fix
random coefficients 0 <r; <m,i=1,...,d: the number of possible
random inputs is [H| = m9.

h(x,r) =rx; + -+ +rgxg mod m.



We use the notation a = b (mod m) for a mod m = b mod m. This is
the same as requiring m|(a —b).

Let p be a prime, d # 0 (mod p) and ad = bd (mod p)
then a =b (mod p).

Indeed, by the fundamental theorem of arithmetic, if a prime
number divides a product, it must divide one of its factors. Here, p
divides (a — b)d. It does not divide d, so it divides a — b.



Let us show that h(x,r) is universal: in fact, the values h(x,R) for
different x are pairwise independent.

Assume (xq,...,x4) # (¥1,--.,¥q).- We show that

P{h(x,r) =h(y,r)} < 1/m (actually, = 1/m). There is an i with
x; #y;, we might as well assume x; # y;. If h(x,r) = h(y,r) then

0=h(x,r)—h(y,r)=ri(x;—y;)+A (mod m),
A=ri(y;—x;) (modm),

where A only depends on the random numbers r,, ..., r;. No matter
how we fix 1y, ..., 1y, there are m equally likely ways to choose r;.
According to the Fact above, only one of these choices gives

r1(y; —x;) =A (mod m), so the probability of this happening
(conditionally on fixing 5, ...,r4) is 1/m. Since this probability is
the same under all conditions, it is equal to 1/m.



DISihiian NS Function f is in #P if it can be written as |[W(x))|

where W(x) is the set of witnesses for a predicate V(x,y)
computable in time polynomial in |x|:

W(x)={y:V(xy)=1}

Note that W(x) (if nonempty) consists of elements y of length
< p(|x|) for some polynomial.

® Some #P-problems are all obviously NP-hard: the ones coming
from an NP-complete V(x,y).

® There are reductions among these problems, and there are
#P-complete ones, for example the number of bipartite
matchings (even though this one is not coming from an
NP-complete V(x,y)).



Repeated tests

How to aproximate a #P function?

* If y is from the range R(x) = P, for n = |x|, then repeated

independent tests will work only if the probability of success

|£((§))| is not tiny.

® More formally: let X;,...,Xy be i.i.d. random variables,
VarX; = 02, EX; = u. By Chebyshev’s inequality

P{ |ZX1~/N—p,| > t} <(o/t)*>N7!, so

1

P{ 1> X/N—pl > /2 } < (20 /u)PN"".

Converges too slowly to 0 if o/u is large.



IDeinpl (GHREPE X = 1 with probability p and O otherwise. Then

02 =p(1—p), our bound is 4(;;’), and we need N > 11) if p is small.
Estimating an exponentially small probability this way would

require an exponentially large number of samples.




Find sets U; = U;(x) CR(x),i=1,2,...,m where
° We know |U; (x)|.
* Un()={y:Vlx,y)=1}.
® The quotients 19 || are approximable by sampling. Say if

|U;_
U;_; NU; = @ then sampling from U;_; U U; helps estimate
& and hence %L
[Ui|+|Ui | [

® To sample from U;_; U U;, sometimes the Markov chain
Monte-Carlo method helps, see below.

IDeinplGHREEE  (see also under the Metropolis algorithm, later)
Ui (G) is the set of matchings u of size k of a bipartite graph G (see

the book). Step of a random walk: for u € Uy_; U Uy, take a
random edge e and:

e If u € Uy, delete e from  if possible.

® If u € Uj_,, and at least one end of e is unmatched, add e to u.

If another edge intersects, delete it from u.



What can we hope from a randomized algorithm?

DS BEZE  An algorithm A(x) is a (fully polynomial

randomized approximation scheme) for computing f(x) if it is
polynomial in |x| and 1/¢, and

P{IAG) —f(0)l > ef(x) } < 1/3.
This definition combines randomization and approximation.

We will return to the question of changing 1/3 to arbitrary constant
6 <1/2.



Try to find the number of satisfying assignments of a disjunctive
normal form

fG)=Cy(x) V-V Cpy (),

where x = (xq,...,X,). Here each C;(x) is a conjunction of some
variables x;, or their negations. Let S; = {x : C;(x) = 1) }. Then it is
easy to compute |S;|. For example, if C;(x) = x; A x5 A x4 then
|S;| = 2"73.
We want to compute |S| where S =S; U---US,,. This would be easy
if the S; were disjoint, but they are not. But we know something
about the intersections. For each x we can compute the
c(x)=|{i:x€S;}|. Indeed, c(x) =|{i:Ci(x) =1}



More generally, estimate the size of a set
S=S,U---US,,

assuming that

® We can the elements of S; for each i (this is
true for {x: Ci(x) =11}).

® We can compute in polynomial time |S;|.

® For each element x, we can compute in polynomial time the
c)={i:xe€S;}.



® et M=|S;|+:--+]S,,|. PickI €{1,...,m} such that
P{I=i}=|S;|/M, then pick an element X € S; uniformly. Then

Sl 1 c(x)

P{X = x}—ZP{I—l}P{X x|I=i}= Z'M S

Si>x Si2x

® JetY = then

(X)’

EY = Z—)P{X x}=1sl.

X€S

* VarY < M? < m?|S|?, hence —“\E/a;,ry < m, a polynomial bound. So

if we sample Y, repeatedly, Chebyshev’s inequality allows to
approximate EY = |S| fast: we have a FPRAS.



Recall that an algorithm A(x) is a if it is polynomial in |x|
and 1/¢, and

P{IAG) —f(0)l > ef(x) } < 1/2.

I o B The definition of a FPRAS does not change if we
replace 1/3 on the right-hand side with any constant 6 < 1/2.

The idea of the proof is repetition, but we cannot apply the law of
large numbers to A(x), not knowing its expected value. We only
know that it is in the interval f(x) % &f(x) with probability 3/4.



Let our algorithm B(x) repeat N times the algorithm A(x). Let
Z1,...,Zy be the values of A(x) in the repetitions. Then B(x)
outputs the MofZ,...,2Zy.

To analyze, let U; = 1 if Z; > f(x) + f(x) and O otherwise. Then
P{U;=1}<1/3, while

P{M>f(x)+ef(x)} < P{ZUiZN/Z} < ¢ N/18

from the Chernoff bound. A choice N = O(log %) makes this smaller
than 6/2.
We find P{M < f(x) — ef(x) } < 6/2 similarly.



Markov chains

Let X;,X,, ... be a sequence of random variables with values in a
discrete state space V.= {vy,v,,...}. The sequence is called a
Markov chain if for all ¢, for all s4,...,s,4, we have

P{Xir1 =501 1 X1 =51,.. . X =5} =P{Xps1 =501 | X, =5, }.
In words, X,,; depends on Xj,...,X,_; only through X,.

Deinpl PR Let YVq,Y,,... be a sequence of independent

random variables, S, =Y; + - - +Y,. Then the sequence Sy, S,, ...
forms a Markov chain.

If for each i, the value p;; = P{X,,; =i| X, =]} is independent of t
then the Markov chain is called homogenous. The matrix (py) is
called its transition matrix.

From now on, we will only consider homogenous Markov chains, in
a finite state space.



View a Markov transition matrix as a directed graph G = (V,E, P)
on the state space V. There is an edge u — v if p,, > 0; the
edge with p,,.

Example 12.2

1/2 1/4 0 1/4 % \?
p_|1/3 23 0 0 2/3
“l2/3 o o 1/3)|

0 2/3 1/3



® The Markov condition says that X, has enough information
about the system to determine (the probability distribution of)
its future behavior X;,;,X;,,,...: the past influences the future
only through the present.

® The condition may fail if we omit some information: If
Xo,X1, ... is a Markov process and f a function then the process
defined by Y, = f(X,) is typically not Markov. It is called a
process.

In Example 12.2, let f(s) = 1 if s € {1, 2}, and 2 if
s €{3,4}. Now

P{fXis1) =21f(X1) =f1,....f(Xi1) = fir,f(X;) = 1} typically
depends on f,...,fi_;. Indeed: P{f(X;;;) =2|X;=1}=1/4 and
P{f(X;;1) =2|X; =2} =0, but f(s) = 1 does not tell us whether
s=1or?2.

* If we only know the values Y, = f(X,) then it is a challenge to
infer from them some (not unique) underlying Markov process
X,. This is a typical machine learning task.



If the vector q(t) describes the distribution of X,, that is
q;(t) =P{X, =i}, then

q(t+1) = q(c)P.
Since the process is homogenous the numbers
pii(t) = P{Xp =j | X =1}

do not depend on k, and are elements of the matrix P, that is the
t-step transition matrix is the tth power of the transition matrix P.
An u-y of length t on the directed graph of states is a sequence
of states W = (v, vy, ...,v,) where u =v,,v=v,, and p, , . > 0. We
don’t call it a “path” since it may intersect itself (many times). Then

puv(t) = vaovlpvlvz “DPy_v,
w

where W runs through all u-v-walks W of length t.



Let if X;,X5, . .. be our Markov chain. The matrix-vector
multiplication Pf also has probability meaning. If

f=(Q),...,f(m) then let
g=Pf, g=1(g(1),....,g(n)".

Then

(D) = pyf () = E{f(Xee1) | X, = i},
J

so Pf shows the conditional expectations of f(X,,), when looking
at time t.



Convergence

We are interested in the limiting behavior of Markov chains.

A distribution gq is stationary, or invariant, or an equilibrium if

q=qP.

Does every Markov chain have an invariant distribution? No.
Example: Let S; = X; +--- + X, where X; > 0 are integer
i.i.d. random variables. Then S, is a Markov chain but
lim, oo P{S;=n} =0 forall n.

This does not happen if the set of states is finite.



Examples 12.4

@ A stochastic matrix P is called if we not only
have ;p; =1 for all i but also Y} p; = 1 for all j. It is easy to
see that then the uniform distribution is invariant.

® If a stochastic matrix P is symmetric then it is doubly
stochastic. As a simplest example, let

P:(l_p b )
p 1-p



1 (Z0yan Aty Every homogenous finite Markov chain has an
invariant distribution.

Proof sketch. Let g(0) be arbitrary distribution, q(t) = qP*, and let

a= %Zq(i) = %Zq(o)Pi.
i=1 i=1

The sequence @ may not converge (it actually does in our finite
case, see later), but we can select a convergent subsequence q(t;);
let its limit be 7.

Exercise: show that 7 is invariant. Ol




® Can a Markov chain have more than one invariant distribution?

0 N
0 1/ Then every distribution q over
the two states is invariant with respect to P.
This example Markov chain is pathological since its graph is not

connected.

Yes. Example: Let P =

® A state v is called when g, = 0 for every invariant
distribution q. Else it is called . (This terminology is
different from the one in Motwani-Raghavan.)



Consider the of the graph G of a
finite Markov chain. From now on, we will just call them

® A Markov chain is called if the graph consists of a
single component.

® The (strongly connected) components (of every directed graph
G) form a (new) acyclic graph G’. (View the edges of this
acyclic graph as going downward.)

® A component is called (minimal) if no edge leaves it—so
when it is at the bottom of the graph G'.



2/3 2/3
Q gﬁ
1/3 1/3
\ L 1/3 /
(P

2/3 2/3

/ 1/4 \ VRS
1/3

The Markov chain above has components {2}, {5}, {3, 4}, {0, 1}.
Only the component {0, 1} is final.



IO S PG Let the matrix P belong to a Markov chain.

@ A state v is persistent if and only if it is in a final component.

@ There is a unique invariant distribution 7 if and only if there is
only a single final component. In this case for each initial state
q(0) we have q(t) = %2;1 q(i) — m.

The proof is not hard.



e If there is a unique invariant distribution, does q(t) always
converge to it?

No. Example: P = ((1) (1)) If q(0) = (q1,9>) then

q(1) = (q2,91), 9(2) = (91, 9,), and so on.
There is only one invariant distribution here, 7 = (1/2,1/2),

but g(t) does not converge to it (unless q(0) = 7).
The following condition eliminates the problem:
A finite irreducible Markov transition matrix P is called if
there is a t with P* > 0. (There is a number of equivalent
characterizations: see any probability book.)

1o sy Let P be a the matrix of an irreducible Markov

chain with stationary distribution 7t. We have q(t) — 7 for all
initial distributions g(0) if and only if P is aperiodic.

You might see some parts of the proof in homework.



Random walk on a graph

From a directed graph G = (V,E) define transition probabilities as
follows: from each point choose each outgoing edge with equal
probability. If A is the adjacency matrix and D the diagonal matrix
formed from the outdegrees d; then P = D™'A.



Connected undirected graph G: replace each edge with two
directed edges. Let

volG = Zdi, q; =d;/(vol G).
i
Check: the distribution q is stationary, moreover, since DP =A is a
symmetric matrix, then q;p; = q;pj;, that is

P{Xt =1,Xr41 =j}= P{Xt =j,Xpp1 = i}. (12.1)

® Processes with (12.1) are called : the paths have the
same statistics forward in time as backward. With Q the
diagonal matrix for q, this says that QP is symmetric.

® In the undirected graph random walk also each edge has the
same probability of passing:

qipi = 1/(vol G).



How fast do we approach equilibrium?

® Can be very exponentially slow for directed graphs. Example:

A={ay,...,a,}, B={bg,...,b,}, V=AUB,
E ={(ag,a1),(a1,az),-.-,(an,bo),
(bo;b1), (b1,b3), - .., (bn, ag),
(a1,a0),(az, ap), - - -, (an, ag),
(b1,bo), (b2,bo), .., (b, bo)}-

For the equilibrium 7t we have (A) = n(B) = 1/2. But there a
¢> 1 (compute one!) such that P{X; € B |X; =a,} < 1/4 for
all i < ¢". Similarly, if the walk starts from a then it will take
exponential expected time to reach B.

® For undirected graphs, the convergence is much faster: we
develop the theory below.



® For vectors x = (xq,...,x,), ¥y = 1,...,y.)", let
(x,y) =xTy = Zix,yi. For vector x we denote by

llcll = 1|y, = (x,x) /% = (35 b®)2 its length, also called the
Ly-norm.

But for any g =(q1, . .-.,q,) where g; > 0 we could define a new
inner product. Let Q be the diagonal matrix with elements g; on
the diagonal. Define (x,y)q Z g;x;y;- Let us denote

lIxllq = (x,x)Q . then
<x7y>Q :xTQ.Y'

This new inner product is also bilinear. It also obeys the
Cauchy-Schwartz inequality:

x,¥)q < lixllq - ¥ llqs

and therefore among all vectors y with |ly[|o = 1, the expression
(¥,x)q is maximized by y = x/||x||o-



The L;-norm is defined as [|x||; = >, x;|. The Cauchy-Schwartz
inequality gives

n
lhell; = D1 bl < Q1Y 32 = valfx||.
i i=1 i



Just as we call vectors x,y orthogonal if (x,y) = 0, we can call them
Q-orthogonal if (x,y)q = 0. An n x n matrix M is Q- if for
all x,y

<x1My)Q = <Mx>y)Q

When q = (1,...,1) then this is the ordinary notion of symmetry.
Generalizing to Q-inner products a basic theorem of linear algebra:

Lo o nu bty Let M be a Q-symmetric matrix. There is a basis

of Q-orthonormal vectors uy, ..., u, that are eigenvectors of M with
some real eigenvalues A; > --- > A,,. For an arbitrary vector
v =Y. cu; we have

My = Z liciui.
i



Matrices with all nonnegative elements have some special
properties used in Markov chain theory.

Theorem 12.9 (Perron-Frobenius)

@ If M is any matrix with nonnegative elements (not necessarily
symmetric) then it has a nonnegative eigenvalue A, with
eigenvector u; > 0, and A; > |A;| for all i > 1.

O If also M is aperiodic (that is M* > 0 for some t), then u; > 0,
and A, > |A;| fori> 1.



Let M be a Q-symmetric matrix with eigenvalues A; > --- > A,,.

® Suppose A; =1, and denote 6 = 1 —max;. |A;|, then for
X =cjuq + -+ +c,u, we have

n

||Mtx—c1u1HQ = (Z Aliqic?) /2 (12.2)
i=2

< (1—6)lxllg < e *[lxllg, (12.3)

that is M'x — cyu; with speed e~°‘. The speed of the
convergence depends on §, often called the

® (For nonsymmetric matrix M there is a similar, but more
complex estimate.)



Reversible Markov chains

For a Markov chain P, with reversible distribution g, the matrix P is
Q-symmetric. Indeed,

(x,Py)q =D %d; > .Py;
i J
= inpijqjyj = Z = inqJ‘PjD’j
i i i

- Zyjqj ijixi = (Px,y)q-
J i



So we can apply the theorem about the eigenvectors to the matrix
P with the Q-inner product, giving us eigenvalues A;.

Theorem 12.10 ERYCHEVCEVHAEGN

Proof. Let A be an eigenvalue of P with eigenvector x. Assume
without loss of generality that |x; | = max; |x;|. Then

Axy = Zpi,-xj,
j

Alber| < pyil < xyl.
j



Since P1 = 1, the vector 1 is an eigenvector of P with with
eigenvalue 1. By Theorem 12.10 no other eigenvalues have
larger absolute value.

Assume that P is nonperiodic, and therefore A; > |A;| fori > 1.
Let u; be the orthonormal basis of Theorem 12.8.

Recalling that QP is symmetric,

QPu; = A,Qu;,
ulTQP = liuiTQ.
Sov; = ul.TQ are the left eigenvectors of P with eigenvalues A;.

In particular, v = 17Q = q has eigenvalue 1.

The vectors v; = Qu; are orthonormal with respect to the inner
product (x,y)q1.



® Let r > 0 be a distribution over the states, so a row vector with
>, ri=1thatisrl =1, and express r = > c;v{ . Computing the
first coordinate, using orthonormality of v; with {(x,y)q-1:
1= rQ_1v1 =rl=1.
* By (12.2)

t T_ T _
rP —cv) =u; =q.

Convergence speed again: HrPf —qHQ,1 =0((1—6)".



Eigenvalue gap for lazy walks

With no negative eigenvalues, 6 = 1 — A,. This can be achieved by
creating a lazy version of any graph random walk.

Let P be a random walk on a graph G. Obtain G’ by adding
self-loops of probability 1/2 to each point of G: then P’ = (I +P)/2.
The eigenvalues A; = (A; + 1)/2 of P’ are all nonnegative.

In what follows the notation i ~ j means {i,j} € E.



® Recall P =D 'A. The eigenvalues 1 — A; belong to I — P, with
the same eigenvectors u;. The following, matrix has

the same eigenvalues:
L=D"?(I—P)D7'/?2 =D7/2(D—A)D~'/2. Its eigenvectors are

pY/ 2u;. Since L is symmetric, they are mutually orthogonal. For
y=D"""x,
<x> LX) = (_Y, (D _A)y>

=Z(®?—ij) = > G-y

Jiinj i<jii~j
® Linear algebra: the second lowest eigenvalue of L is

1—A,= min (x,Lx) = _min = 12 S
Vi= Zidiyi

(12.4)



The expression (12.4) implies
Theorem 12.11 JENEy PP, @am ool G)(vol ok

Proof. Multiplying each y; by the same constant does not change
e V=V 2

213‘1’# Let us do this to get Y, dy? = >.;d; =volG. Let

¥, = max;y;, ¥, = min;y;, then now y, —y, > 1. Take a shortest

path u =vgy,vy,...,v, =V from u to v. Then

D iy >Z(yvj — ¥y, )22 (Zyv, ~ ¥y, )k

i<j:i~j

= (Yu —y,)?/k>1/k 2 1/diamG.

The inequality bringing in 1/k used Cauchy-Schwartz:

k- Zx = (11112 xII* > (1,x) —(Zx)z



The number of steps needed to get within distance ¢ of the
equilibrium can be measured by 1/6:

e O < g,
ift > %. A spectrum of possibilities:
® Directed graphs: sometimes exponential-time convergence.
® Undirected graphs, no negative eigenvalue: polynomial-time
convergence. Indeed, by Theorem 12.11
1/6 < (diam G)(vol G) = O(|V|?).
® Sampling, approximate counting an exponential-size subset V
of an exponential-size universe U. We need logarithmic (in |U|)

convergence, hence we need 1/6 = O((log|U|)™) for some
c>0.

® Expanders (see later): constant-time convergence, constant 6.



® Sometimes a distribution q is given (it may even be uniform)
over a set U. To approximate the probabilities of certain
interesting sets, we need to sample from q.

® As a special case, q is uniformly distributed on some V C U. The
set V is exponentially large, but it is only an exponentially small
part of some easy-to-sample universe U. So we cannot just pick
a random element of U repeatedly until we hit V.

® Idea: set up some Markov chain X;,X,, ... in U, with invariant
distribution g, starting from some arbitrary element X; =v;. (If
q is supported by a set V then let v; € V.) Simulate X;. If the
distribution of X, converges fast to q then soon we can stop,
and take X, as an approximate sample.



e I R PR PRISHTSn W Call two pairs (i, ), (i’,j') are
and write (i,j) ~ (7',j) if [i—1| + |j —j'| = 1. View a
matrix o with elements in {—1, 1} like a “ferromagnet” with
individual atomic magnets pointing up or down. The U(o)

is defined as
— Z 0,0,.

u~yvy

Let B > O be a fixed parameter (the “inverse temperature”). We
define Zg = Do e PU®) and the probability

qe(B) =PV /()

(the so-called Boltzmann distribution). Many versions of this
example are of central interest in physics.

An appropriately designed Markov chain will converge to g and
allow sampling from it.



Suppose that a graph G = (V, E) is given, along with a distribution g
over V. Define transition probabilities p,,, along the edges such that

quPuy = QyPyus (12.5)

so the process is reversible (and thus q is invariant). Define p,, to
make sure Y. p,, = 1. Relation (12.5) remains true if we multiply
Pw by ¢, where ¢, =c,,. Let C = (c,,) be an arbitrary symmetric
stochastic matrix (say c,, = 1/d for u # v and maximum degree d).
The following formula, called the ,is a
popular choice:

Puw = Cuwy min (1, &) forv # u.

u

Check that this is reversible!



I E DI CRPRRECTS O  Let G = (V,E) where
v={1,...,n}x{1,...,n}, G,))~ (@,j)if li—|+|j—j| =1. Let q
be the uniform distribution. The transitions for the Metropolis
algorithm give

Puw = 1 min(l, &) for v # u.
4 u

In words: try to move in each of the 4 directions (north, south,

east, west) with probability 1/4. If the move would take you

outside the square, stay in place.

This is not quite the the same as the random walk on the graph, it

gives larger stationary probability to the border points.



Example 12.14 (Metropolis algorithm for the Ising model)

For states 0,0’ of the Ising model say o ~ ¢ if they differ only in
a single position u = (i,j), that is o, # o . In this case

9o’ _ BU(0)-U(c")
o

depends only the values of o, for neighbors v of lattice point u.
Such Markov processes are called probabilistic cellular automata,



Example 12.15 (Counting matchings) JEFS#YMIRT RIS

matchings of size k in a bipartite graph G. Under certain conditions
one can estimate M, for each k. For this, one will estimate

| M|
IMj—1 UM

for each k starting from k = 1.



Define a graph whose points are matchings in M;_; U M. Let m,m’
be two matchings m,m’ € M, UM,_,. We say that they are
if there is an e = (u,v) € V2 such that one of the

following holds:
Addition e € E, m € M;_;, m’ € M, m’ =muU {e}.
Deletion e € E,m’ € Mj_;, m € M, m = m’ U {e}.
Rotation m,m’ € M;_; and there is a w with (u,w) € m and

(v,w)em'.
The Markov chain is defined by the Metropolis algorithm: choose a
random (u,v), apply an operation determined by (u,v) if it is
possible, else do nothing.
Irreducibility is easy to establish; the difficulty is estimating the
eigenvalue gap.



The following quantities may help estimating the eigenvalue gap.
For any S C V let q(S) = Y. q;, and 6(S) the set of edges between
Sand V\S. By q(6(S)) = Z(i,j)eé(s) q;p;; we measure the flow
through the edges of 6(S). The

o q(6(S))
= mm ———.
as)<1/2 q(S)

lowerbounds the relative probability flow out of a small part S of
the graph. A related quantity (sometimes this is called
conductance):

q(5(S))

)= 1S\ sy’

&= rnsin<I>(S).

Clearly ' < & <29,



If the graph is regular, then vol G = dn, q(S) = |S|/n,

15(S)] , . |6(S)]

S)=—-T— = .
&)= F5- v\ sim Siznj2d|S|

0P We have #2/8 <1— 2, < @.

The upper bound follows easily by choosing y; to be constant on S
and on V'\ S. The lower bound is harder, we will take it on faith.



Lowerbounding conductance

The following method sometimes helps.

Suppose that for each i # j we can construct a flow f;; of value g;q;
from i to j, in such a way that the sum of all these flows on any
edge (i,j) is at most cq;p;;.

hioranialyl  If the above flow has been defined then & > %

Proof. Let & = ®(S). The total amount of flow from S to V'\ S is
q(S)q(V\S). Summing these up on the edges of the cut §(S), we get

A\ <qBSe, +< LA _g(s)

q(S)g(V\ S)



Scaling up, from i to j we send a flow d;d;. On each edge, the sum
of flows passing through should be < ¢ -volG.

Let G be the n x n x n lattice cube, the degrees

are < 6, vol G = 6n°(1 —o(1)). From point (i,j, k) to point (i’,j, k")
we send a flow of size < 36 along the path that first goes from i to
i/, then from j to j/, then from k to k’. Each i —i’ edge carries a flow
sum of at most n - 36n° = 36n*. Only 1/n of these continues after
the turn to the j —j’ edges, but the flow can accumulate again,
keeping the bound 36n*. The same happens on the k —k’ edges, so
the bound on the sum of flows is 36n* < (6 + o(1))n - vol G. By
Theorem 12.17, ® > 1/7n when n is large. This also proves
Lemma 8.4.

Your book illustrates this technique on the example of the Markov
chain on matchings.



® An “expander” is essentially a graph whose eigenvalue gap is
lowerbounded by some constant. We generally look at a family
of expanders, with infinitely many possible sizes, all sharing the
same eigenvalue gap lower bound.
® Restrict attention to bipartite, regular graphs, but allow
: edges have integer multiplicity.

The eigenvalue gap measures, in a way, the degree of connectivity,
as seen from the formula

&' = min —|5(S)|.
ISl<n/2 d|S|

seen earlier. This says that for any set S of size < n/2, at least a
fraction @’ of all edges starting from points of S must go to V' \ S.



® Bipartite graph: and parts. For a subset S of the left
set of G = (V, E), let Nb(S) be the set of of S: points
connected by an edge to some element of S.

® The graph S by a factor A if [Nb(S)| = A|S|.
® Ford,a,A > 0, a d-regular bipartite multigraph G is a

(d, a, A,n)- if it expands every subset S of size < an of
the left set by a factor A.



degree N degree K



Random expanders

® Are there expanders with constant d, a, A and arbitrarily large
n? The proof illustrates the probabilistic method.

® We will choose a random bipartite multigraph of degree d and
show that it is expander with positive probability. Choosing a

small (constant) will bring A arbitrarily close to d (you cannot
hope better).



e Start with dn left nodes ug,...,uy, and dn right nodes
V1,...,V4p- Choose a random complete matching among these.
Call the resulting graph M.

® Obtain G as follows: collapse each group of d left nodes into a
single node: uy,...,u, into one node, uy, 1, ...,Uy; into another
node, and so on. Similarly collapse each group of d right nodes.
Edges are inherited from the ancestors. The process may give
multiple edges: a multigraph B. Two nodes of M are called

if they are collapsed to the same node of B.

ILGovsn RN For each f > 0, if a is sufficiently small then this
process gives a (d, a,d(1 —f),n)-expander with positive probability
for all sufficiently large n.

In what follows we will prove this.



Let S be a set of size an in the left set of G. Estimate the probability
that it has too few neighbors. Assign edges to the nodes of S in
some fixed order of the preimage of S in M. Call a node of the right
set of M if it has a cluster neighbor already reached by an
earlier edge. Let random variable X; be 1 if the ith edge goes to an
occupied node and 0 otherwise. There are

dn—i+1>dn—dan=dn(l1—a)

choices for the ith edge, at most d?|S| of these are occupied.
Therefore

d?|s| _da
(1—-a) 1—a

P{Xi:1|X17"‘JXi—1}Sd ::p_
n



By Theorem 1.23 (“Chernoff bound”) and (1.5):
dan _ ep fdan
P { ZXi Zfdan} < edonth () < (?) :
i=1

The number of different neighbors of S is dan — Y, X;, hence

P{NB(S) < dan(1—f)} < (;—p)fdan = ( ; (fcf‘a) )fdan.

Multiply with the number of sets S of size < an as estimated

in (1.6):
2 (D)=

i<an

6 ()™ )

The base is < 1 if f > 1/d and «a is sufficiently small.




The above proof is an

® Not only does not it help us compute an expander efficiently,
but even if we are handed one, does not give any effective way
of checking it.

® However, if we just want a large eigenvalue gap, that can be
computed effectively.

* In many theoretical applications, we need efficiently
computable expanders: say, of size 2" in which the neighbors of
each point are listed in time polynomial in n. Such
constructions exist. In this course, we will not see them, since
the proofs are generally complicated. But we will see an
application.



Let L € BPP, with a randomized polynomial algorithm A(x, ), that
for each x decides whether it is in L, and fails only with probability
< 1/100. Assume |r| = |x| = n. How to decrease the error
probability to, say, 27X? We learned to repeat independently some
number of times and to take the majority. In some cases, we must
be parsimonious with the number of random bits used. Two
interesting possibilities:

® Use independent repetitions ry, ..., r,. The Chernoff bound
shows that O(nk) random bits suffice, and the number of
operations still polynomial in n, k.

® Use pairwise independent random strings of the form r; = ai+b
(mod p): then O(n + k) random bits suffice, but the number of
operations becomes exponential in k.

With constructive expanders, we will only use n + O(k) random bits
and still a polynomial number of operations.



o (eI BRI OB Let N = 2", For some constants

d, 6, take a d-regular undirected graph Gy = (Vy, Ey) for

Vy ={1,2,...,N}. With self-loops, we also achieve that A, is the
second largest eigenvalue. Assume 6 <1—A,, so G is an
“expander”. The graph must be given in such a way that for each
point i, the list of its d neighbors is computable in time polynomial
in n.

Choose a random r, = R(0) € Vy uniformly. Let R(0),R(1),R(2),...
be a random walk over Gy. Given R(i — 1), we need only a new
random binary string r; of size [logd] to find R(i + 1), since we only
need to choose between the outgoing edges.

Let 3 be such that AP <o.1. Compute A(x,R(if3)) for each
i=1,...,m and take the majority.

We will achieve P { B(x,r) is wrong } < 27 with m = O(k).



Let X;,X,, ... € {0, 1} be independent variables with
P{X;=1}<o0,andleti; <i, <-:-<i. Then

P {Xi1 =1,....% =1 } < 0. We will develop a similar estimate
for our Markov chain.

Let P be transition matrix obtained by making 3 steps of the
random walk on our expander. Then A,(P) < 0.1. The equilibrium
distribution 7 is still the uniform distribution.



For a matrix A let [|A|| = [|A|; = max,..q ||XA||/||x]|. It is easy to see
IAB|| < l|A[[|BI]-

Let A be a symmetric matrix with eigenvalues A;, then it is easy to
see

Al = max|A.

Let X; = R(if3), then X; is a random walk with matrix P and initial
distribution q. For a set S € V, let Dg be the diagonal matrix with
1’s in positions i € S and 0’s elsewhere. We have

P{X, €S1,.... X, €Sy} = ||gPDs, ---PD;_||,
< vN||qPDs, --- PDs,||.
Though our final interest is in the norm ||-||;, due to the better

properties of the norm ||-|| = ||-||, we will go through estimating
IPDs, ---PDs, || < [[PDs;,[|---||PDs, |



IS kil Let S be a set of states with 7t(S) < 0. We have

IPDs|| < min(1,0V/2 + 1,).

Proof. Let 7, u,,...,u, be an orthonormal basis of row
eigenvectors of P. For any vector q = ¢, 7 + Zi c;u; =: u+v we have

qP=u+Z}Liciui =u+v,
i>1
[V'[| < 221Vl
llgPDs]| < lIgPl| < liqll,
llgPDs]| < |[uDg]| + |[v'Ds||

< o Pllull + Aolvll < (17 + 25)ligll-



Let S= {r:A(x,r) is wrong }, and assume 7t(S) < 0.01. Using

Ay <0.1 and lemma 13.2 gives ||PDg|| < 0.1+ 0.1 =1/5.

Let S1,S,-..,S,, be a sequence of sets where each S; is either S or
Vy \ S and there are w occurrences of S. Then we obtain

Il =N"V/2,
|PDs, ---PDg || < (1/5)" 1™ < (1/5)",
|nPDs, ---PDg || < Ilz|l||PDs, - - PDs || <N"V/2(1/5)",
|nPDs, ---PDg |, <NYAN"2(1/5)" = (1/5)".
A wrong majority decision corresponds to a sequence Sq,...,S,,
with at least w > m/2 occurrences of S. There are at most 2™

different ways to choose this sequence, therefore the probability of
a wrong decision is at most 2™(1/5)™/2 = (4/5)™/2.

(%) ||zl = N~1/2 was important. Starting from a single point
instead of the uniform distribution does not work.



What is probability? The question is often answered referring to
relative frequency in repeated independent experiments.

® The classical law of large numbers offers an “internal”
justification of this interpretation.

® The Markov chain applications go beyond this interpretation.
The BPP amplification does not repeat experiments
independently, and still achieves a very small probability of
error.

® Markov-chain Monte-Carlo works on a space of exponential
size, but takes a sample in a polynomial number of steps that
has nearly the desired distribution. Typically each sample will
be different, making a frequentist interpretation again dubious.



Probability theory started approximately with Pascal (mid 17th
century).

Its current mathematical framework was introduced by
Kolmogorov (1931). This framework does not address the
question: what is a random string?

This question was raised maybe first by Laplace (early 19th
century), then by von Mises (early 20th century). Von Mises
proposed the convergence of relative frequency on
subsequences generated by some “rule” as a criterion. But he
could not formalize the notion of a rule.

Church (1947) defined “rule” as a recursive rule. But the
frequency test proved insufficient, as shown by Ville.

The current theory is based on Kolmogorov’s introduction of
desciption complexity (1965) and later work by Martin-Lo6f and
Levin.



The paradox giving rise to the notion of randomness is this.
Suppose your friend gives you a 0-1 sequence X7, - - - X9 Of length
100, and told that it is the result of a series of coin tosses he made
the day before. If the sequence is 010101 - - - 01 then you will not
believe your friend. He may challenge you for your reasons,
however, since each sequence of length 100 has the same
probability 271,

You may say, “yes, but this sequence is created by a rule”, but what
is a rule? There is an infite number of possible rules.

Laplace’s guessed that there are only few sequences obeying a
simple rule, but without saying what a simple rule is. Kolmogorov
formalized the notion of the simplicity needed here.



Fix some alphabet 3 D {0,1}. Let T be a Turing machine with
® input tape with alphabet {0, 1, ¥}, where x is the “blank
symbol”,
® output tape with alphabet X U {*}.
® work tape with some alphabet containing *.

We define the function T : {0, 1}* — %* as follows. To
compute T(p) we write string p onto the input tape of T, leave the
other tapes blank. We start T. If T halts and the output tape
contains a single nonblank string x at the beginning, then T(p) = x.
Otherwise T(p) is not defined.



We view the machine T as an of descriptions. Thus, we
way that the binary string p the output T(p). (We use
binary descriptions for having a common base of comparison.) Let

Kr(x) = Tr&igx Ipl.

We say that K;(x) is the , or Kolmogorov
complexity, of string x on machine T. This notion is, of course,
machine-dependent. For every string x there is an interpreter T,
such that K7 (x) = 0. But interestingly, the machine-dependence is
quite moderate.



ISy n @V EEne9N  There is an interpreter U that is

in the following sense. For every other interpreter T there
is a constant ¢y such that for all strings x € ©* we have

KU(X) < KT(X) + Cr.

The theorem shows that no other interpreter T can have much
shorter descriptions than the optimal interpreter U, since the
difference will be bounded by a constant (dependent on T).



Proof. There is an interpreter (an appropriate universal Turing
machine) U such that for all interpreters T there is a string g such
that for all strings p € {0, 1}* we have

T(p) = U(qrp).

Here, qr contains an encoded description of the machine T (its
transition table). Now for all strings x and all machines T we have

Ky(x) < Kr(x) + Iqrl-

]

Fix an optimal interpreter U and write
K(x) = Kyy(x).

We will use the notation f(n) < g(n) to mean f(n) < g(n) + O(1).
The notion f(n) = g(n) is defined similarly.



The function K(x) has several synonymous names, some of them
suggest other interpreations.

® Description complexity.

® Minimal compression size.

® Amount of individual information.
¢ Algorithmic information.

® Algorithmic entropy.



Upper and lower bound

I oS nu W For a binary string x of length n we have
K(x) <n.
Proof. Define a machine T that simply outputs its input. Then
apply the invariance theorem. O

The following theorem shows that this bound is sharp, in a
statistical sense.

N Soani el Let X be a uniformly chosen random binary
string of length n. Then

P{K(X)<n—k} <27k

Proof. There are at most 2! descriptions of length i, so at most
142+4+4---+271 < 2"k strings with complexity < n—k. [



Bt (G2 Note that if the string x is of the form 0101 ---01
(n/2 times) then

K(x) < logn.

Since as we have seen, the probability is very small of getting any
string of such low-complexity, we have a sort of justification for our
suspicion about its coin-tossing pedigree. In fact, a good argument
can be made (in the more advanced versions of this theory) to view
n—K(x) as a measure of the of string x.



ineinp)GEEEE  If x is a binary string of length n such that
>..x; =k then with p = k/n we have

K(x) < log (Z) + O(logn) = nH(p) + O(logn),

where H(p) = —plogp — (1 —p)log(1—p). (This indicates a relation
to information.)

Indeed, given n and k (by strings of length logn) we can enumerate
all binary strings containing k 1’s, and describe x by the rank of x in
this enumeration.



The following theorem limits the usefulness of the function K(x).

0o n G The function K(x) is not computable.

Proof. (By contradiction.) Assume that K(x) is computable. For
each k let f(k) be the smallest x (lexicographically) with K(x) > k,
and let T be a Turing machine computing f(k) from a binary
representation of k. We have

K(f(K)) < Kr(F(K)) + ¢ < logk +1 +cp.

But by definition we have k < K(f(k)), leading to a contradiction
for large k. O

This proof formalizes the paradox: “the smallest number defineable
with fewer than 100 characters”.



Despite its non-computability, the notion of description complexity
and the definitions of randomness and information built on it have
proved of great value in clarifying some important issues of
randomness, information and prediction.

In randomized computations and in cryptographical applications
we frequently work with strings that are not random, only
pseudo-random; again, in order to understand the difference, it is
useful to know what randomness means.



Derandomization

Conditional expectations

Frequently, a randomized algorithm can help us to a deterministic
one. We will illustrate this on the set balancing problem, which we
recall.

Given an n x m matrix A with 0-1 entries. We are looking for a
vector b with 1,—1 entries for which

lAb|| oo

is minimal.



A good vector can be found by random choice. Let 3, ..., 3, be
independent, with P { Bi=1 } =P { Bi=-1 } =1/2, and let

B =(By,...,By)- Leta/ the ith row, let ; be the event

IaiT/:EI > 8vmlnn. We showed

P{&}<2/n?

So with probability 1—2/n, all n rows have discrepancy
<8vmlnn.

Let the random variable X; be 1 if £; holds and O otherwise. Let
Y = >, X;. Our theorem shows EY < 2/n.



Consider a tree with all possible values b; - - - b,, of the sequence
P -+ B, at the leaves, and the inner nodes at level k steps down
from the top labeled by values of b; - - - b. If you think into it you
will see that for each by - - - by, the value

fbr---b)=E{Y By =Dby,.... B =Dy }
is computable in polynomial time, and
fby---br) = (f(by - b0) +f(by - - b 1)) /2.

Therefore the following algorithm works for computing a sequence
by ---b, recursively: For k =0,...,n—1, compute the b, such that

f(by - -by_1bi) < f(by -+ br_1(1—Dby)).



With this sequence we will have ||Ab|| o, < 8vmlInn. Indeed, we
have

E{Y[B1=b1,.... B =Dy} <2/n<1.

But this is a deterministic integer value: if its expectation is < 1
then it is 0: in other words, none of the events &; happens.



® The following example is from the area of
We have had such an example earlier, since the randomized
algorithm to decide whether a graph has a matching adds value
only in the parallel computing model.

® We will not give a formal definition of a parallel computer.
Different versions exist (EREW, CEREW, etc.). The class NC of
functions computable in polylog time and with a polynomial
number of processors is insensitive to these differences.

Given a graph G = (E, V), we want to find a independent
set (an independent set not contained in any other independent
set). (Finding a independent set is NP-complete.) It is

easy to find one in polynomial time, but the greedy algorithm of
finding one is sequential. The parallel algorithm of Luby given
below puts the problem into NC.



Plan:

@ Find a randomized parallel algorithm (putting the problem in
, randomized NC).

® Derandomize it.

We will follow the scheme only approximately.

D5 ISR For a subset S C V of the graph G, let E(S) be

the set of edges of G with at least one end in S.
Let I'(v) be the set of neighbors of point v, d, = |[['(v)| its degree,
and TS = J,csT(v).

Lo SR There is a constant ¢ and a randomized parallel

algorithm to find an independent set S(r) C V with
E|E(TS(r))| = c|E|.

We can repeat this algorithm on V; = V' \ I'S(r). Iterating similarly a
logarithmic number of times gives a maximal idependent set.



ANyt We construct the set S as follows.

© (in parallel) Put each point v € V with probability - 2, into a set
S;. Assume first that the choice is made 1ndependently for
each point.

® (in parallel) If an edge has both ends in S; then delete the
lower-degree end from S; (break ties arbitrarily), resulting in
the desired set S.

The following probabilistic analysis lowerbounds the expected
value E |[E(T'S)|.

ISttt RS A point is called if it has at least d,/3

neighbors with degree < d,; otherwise it is bad. An edge is
at least one of its endpoints is good.
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The following lemma allows us to concentrate on good edges:

IFSninEnIZs At least of half of all edges are good.

Proof. Let us direct the edges from lower to higher degree, and let
df,d denote the in- and outdegrees. Let Vg,V be the bad and
good points, e(X,Y) be number of edges between sets X, Y.

In a bad point d, < 3(d} —d). Hence the sum of degrees of bad
points is < 3x (the flow from bad points to good points):

2e(Vg, V) +e(Vg, Vi) +e(Vg, Vi) < 3(e(Vp, Vi) —e(V, Vi)
< 3(e(Vp, Vi) +e(Vg, Vi),
e(Vg, V) <e(Vg, Vi) +e(Vg, Vg).



Letc, =1—e /6,

IHSnne R If v is a good point with positive degree then it is
in I'S; with probability > c;.

IFSninENT  Every point v € §; will also be in S with
probability > 1.

Lemma 15.4 says that at least half of the edges are good.

Lemma 15.5 implies that a good edge will get an endpoint into I'S;
with probability > ¢;. Lemma 15.6 implies that this endpoint will
be also in I'S with probability > ;. Multiplying the results
lowerbounds the expected value:

ElE(FS)lZ%'Cl'%=C1/4.

The theorem follows with ¢ = ¢, /4.



Proof of Lemma 15.5. We make at least d, /3 independent
attempts with probability > %, so the the probability of not

succeeding even once is < (1 — %)dv/ 3<eml/0, O
4

Proof of Lemma 15.6. A point v will only be deleted if a neighbor
of degree > d, has been selected. For each such neighbor this
happens with probability < zidv. Apply the union bound to the at
most d, such neighbors. Ol



We used n independent random variables X, (r) where X,(r) = 1
if point v is selected, and 0 otherwise, and P{X(r), =1} = ZLdV'
The only lemma in which we used independence was

Lemma 15.5.

In a homework problem we will see that with a different
constant ¢; the lemma will also hold when only pairwise
independence is used.

Two-point sampling creates p independent random variables

Y, (r) ranging over {0,...,p — 1}, using only 21logp independent
random bits. Using an appropriate p (say p = O(n?) this can be
used to generate pairwise independent random variables X, (1),
with P{X,(r) =1}~ zidv.

We still have E |E(T'S(r))| = cl|E|, so there is a particular choice r
of these bits giving |E(T'S(ry))| = c|E|. Since now |r| = O(logn),
we can search for ry in polynomial time.
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